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Chapter 1

ELECTROSTATICS

1.1 Introduction

1.1.1 Overview

Many applicationsof electricalengineeringequirea knowledgeof thebehaior of voltagesandcurrentsn electronic
devicesandwithin conductorsIn mary othersituationsit is not enoughto understandhe behaior the voltagesand
currentsn justthe conductorsaandothercomponentshut alsotheinfluenceof thevoltageandcurrenton surrounding
materials. In physicsclassesve learnthat electricand magneticfields extend beyond the electricalcarrierswithin
adevice. In electricalandcomputerengineeringhe extensionof the fields beyond electronicdevicesandwires can
have both beneficialand deleteriouseffects. Without fields we would not have such moderncorveniencesascell

! !

Figure1.1: Crosstalkbetweerntwo telephondransmissiorines.

phonestelevision, or eventhe simplestcomputememorychip. On the otherhand,unwantedfield interactionscan
causeaeversibleandirreversibledegradatiorin almostall typesof electricalengineeringystemsA commonexample
of thistype of degradationis evidentwhenatelephonesignalon oneline leaksoverto anadjacentine. Thisannging
phenomenots known ascross talk. Thediagramin Fig. 1.1shavsthatthefield from oneline extendsinto the othet

In this chaptemwe examinesomeof thebehaior of electricfieldsandelectricflux. We usetheflat paneldisplayas
amotivatingexamplefor this study We have choserthe flat paneldisplayasanillustrative examplebecausdé showvs
the ubiquitousnatureof electromagneticen currenttechnology Flat paneldisplaysare expectedto be the video
displaytechnologyof thefuturefor replacingthe currentbulky screen®n laptop,television,andotherapplications.

The mostcommonflat paneldisplaysare basedon liquid crystaldisplay (LCD) technology Fig. 1.2 shawvs a
representatie cell of a flat panelLCD. Eachcell or pixel hasa liquid crystal material sandwichedbetweentwo
transparentonductingplatesas shavn in Fig. 1.2. The LCD eitherpassedight or blockslight dependingon the
voltagedifferencebetweerthe two plates. The differencein voltageaffectsthe liquid crystalmaterialby meansof
the electricfield generatedetweenthe two plates. Eachof theliquid crystalcells represent®ne of the morethan
50,000individual pictureelementr pixels onthescreen Eachcell is similarto theparallelplatecapacitoistudiedin
fundamentaphysicscoursesThe parallelplatestructureis usedthroughouthis sectionasa basisfor our description
of electricfieldsandelectricfluxes.
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Figure1.2: A cellin aflat panelLCD display

Traditionally electricalengineersdescribeelectric fields in termsof vectors. Although vector descriptionsof
electromagnetiprinciplesarevaluablebecausenostengineeringtudentsarealreadyfamiliar with themandbecause
they provide insightsinto someof the physicalpropertieof fields, vectordescriptionf fieldsaresomeavhatlimited
in presentinga completevisual descriptionof fields. This chapterintroducedifferentialformsasa powerful tool for
describingandanalyzingelectricfields. Giventhatthis is likely the readers first exposureto differentialforms, the
principlesof differentialformsarediscussedn detailasthey areintroduced.For bothcomparisorandcompleteness
electromagnetifieldsarerepresenteh termsof vectorsalso.

We introducedifferentialformsbecausehey provide a powerful andconcisemathematicalframenork for electro-
magneticsDifferentialformsmalke a cleardistinctionbetweerelectricflux andelectricfield. They makeit simplerto
derive theoremsandto make coordinateransformationsn electromagnetics-However, probablythe mostimportant
adwantageof differentialformsattheundegraduatdevel is thatthey offer auniqueandcleargeometriadescriptiorof
electromagneticaot possibleusingvectorsalone. Thevisual representationthataccompap formsarelikely to re-
mainin themindsof studentsvhetheror notthey go onto specializan electromagneticsr oneof its sub-disciplines.
Theseadwantagesnale the additionaleffort in learningformsworthwhile. Also, studentsusuallyfind it fun to learn
differentialformsbecauséormsareelegantandsimpleto manipulate.

1.1.2 Parallel conducting plates

In this sectionwe focusour attentionon the electricfields associatedvith parallelconductingplates. In the other
chaptersve shallseethatparallelplatetransmissiorinesareoftenusedto describea variety of importantwaveguide
types.Figurel.3shavs ageneradescriptionof parallelconductingplates the parallelplatecapacitor

Figure1.3: A parallelplatecapacitor

In this representatiowe usuallyconsiderthe separatiordistanceof the platesto belessthanone-tentithelength
of theconductorsThis meanghatthefieldsbetweerthe plateswill notbevery differentfrom how they would appear
if theplateswereinfinite in extent. We assumehata potentialof 5 voltsis appliedto thetop conductingplate thatthe
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Figure 1.4: Thepotentialbetweerplatesof a parallelplatecapacitor

lower plateis groundedandthatthe two platesareseparatedy 1 mm. For now we assumeahe materialbetweerthe
two platesis uniform. We noticethatthe voltage(electricpotential)changesvith positionfrom thetop to the bottom
plate. Ourfirstimportantquestionis: “What is the potentialdistribution betweerthe two plates?”It is reasonabléo
assumehatthepotentialvariesfrom 5 volts atthetop plateto 0 volts atthebottomplatein alinearfashionbecaus¢he
materialbetweerthe platesis the samethroughout.We canthink of planesof constantoltagebetweerthe platesas
shavnin Fig. 1.4. Theseplanesepresenthechangen potentialfrom thetop plateto the bottomplate. If onefollows
apathfrom thetop plateto thebottomplate,countingthe planescrossedalongthe way, the numberof planespierced
by thepathis proportionako thevoltagedifferencebetweerthetwo conductingplates.Theconstanbf proportionality
is theelectricfield strengthin volts perplane.We canexpresshis sumin termsof anintegral as
top
V= E, dx.
bottom
Thequantity E, dz undertheintegral signis a differentialform. It is calleda 1-form becausét hasa singlevariable
of integration. The differentialform is calledthe electricfield 1-form. In this expression E,, dz is ameasuref how
muchthe potentialchangeser unit distanceand hasunits of V/m. In this caseE, = 5 x 10° V/m. Theplanesin
Fig. 1.4 area cornvenientgeometricarepresentationf the electricfield 1-form. The spacingof the planesindicates
the strengthof thefield; the higherthefield the morecloselyspacedhe planes.

In threedimensionalspacefour degreesof forms exist, 0, 1, 2, and 3-forms. Eachof theseforms hasseveral
importantexamplesin electromagneticsTheseforms are usedand explainedin detail asneededn later sections
andchapters For the parallelplate configurationthe electricfield only hassurfacesperpendiculato the z direction.
Similarly, the 1-form surfacescouldbe perpendiculato the y-axisor z-axisandwould thenbewrittenin termsof dy
or dz, respectrely. In the generalcasea 1-formis alinearcombinationof thesedifferentials,sothe surfacesmay be
skew to the coordinateaxesandcurvedasshovnin Fig. 1.5.

In the differentialforms modelof parallelconductingplates,not only doesa voltageexist on the plates,but an
electricfield, representetly forms, exists betweerthe plates. This is the equipotentiatepresentatioof thefield, or
theenergy picture. Understandingf fieldsis alsoenhancedf onelooksat the electricfield betweerthe platesfrom
thepoint of view of whathappendgo smallchagedbodyplacedin betweerthetwo plates.

Considerthe potential differencecreatedbetweenthe parallel platesas connectedo the voltage source. The
voltage sourcedraws electronsaway from the top conductingplate leaving excesspositive chageson its surface.
Likewise the bottomconductingplatehasnegative chaigeson its surface. A positive testchage placedbetweerthe
platesis attractedo the negative plateasshavn in Fig. 1.6. This force of attractionis proportionalto the strengthof
the electricfield betweerthe plates,is in the directionof the electricfield, andis known asthe Lorentzforce. When
usingtheforce picture of electricfieldsit is usuallymostconvenientto usevectorsin placeof forms. Theelectricfield
vectoris shavn in thefigure. Its lengthrepresentshe strengthof the electricfield andits directionis indicatedby the
arron. Usingvectornotationthe Lorentzforcelaw is expresseds

F =qE (Lorentzforcelaw, no magnetidields)

whereq is thechage,F is theforcevector andE is theelectricfield vector
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Figure 1.5: A generall-formwith surfaceghatcurvein space.

Figure1.6: A testchageexperiences forcedueto anelectricfield.

Electricchageplaysanimportantrole in thedescriptiorof fieldsusingdifferentialforms. Fromphysicswe know
thatwith every positive chagethereis anassociatediegative chage. We canview this associatiorasatubethatlinks
or connectsa positive chageto a negative chagethroughinterveningmaterial.

For the parallel plate examplethesetubesare shavn connectingpositive chaigeson the top plateto negatve
chagesonthebottomplate. Thetubesshowvn in Fig. 1.7 arethe geometricalepresentatioof a 2-form. The 2-forms
shavn canbe expresseds D, dy dz. Thisis a 2-formbecausédt hastwo differentialelementsNoticethateachtube
containsa specifiedamountof chage. The chagethatexists on the platesof the capacitorcanbe found by counting
theflux tubesjoining thetop andbottomplates.Mathematicallythis countingis equivalentto integratingthe 2-form
tubesoverthesurfaceareabetweerthe platesof the capacitor:

Q:/ D, dydz.

area

In this representatiomve seethat D,, dy dz is the chage pertube,sothat D, representshe concentratiorof chage
perunitarea.

From the discussiorof the graphicalrepresentatiomf 1-formsit is apparenthat the 2-form is composedf a
1-form perpendiculato they-directionandanothemperpendiculato the z—direction.The connectiorbetweerchages
representedly tubesis calledthe electricflux density Flux meandlow, andalthoughno physicalparticlesflow from
oneplateto the otherwe canthink of a streamof influenceflowing from oneplateto the otherasonechageconnects
throughspaceto its equaland oppositecounterpart.The coeficientsof a 2-form give the spacingof the tubes,the
larger the coeficientsare,the moredenselypacled the tubesbecome.An arbitrary2-form hascoeficientsthatare
functionsof positionandthe associatetlibesmay curve anddivergeandcorvergeat variouspointsin space.

From the exampleof the parallel conductingplatesit is clearthat thereis a physicalconnectionbetweenthe
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Figure 1.7: Tubesof flux in a parallelplatecapacitor

electricfield andthe electricflux density We canmake geometricandalgebraicconnectiondetweerfield andflux
usingdifferentialforms. Examinationof the geometryof electricfields and fluxesshavs thatthe E 1-form planes
arecomposeaf the planeshataremutually perpendiculato both of the planesthatcomprisethe D 2-formtubesas
shavn in Fig. 1.7. In termsof the algebraof forms we requirean operatorthat createsa 1-form from a 2-form and
vice versa.This operatolis discussednh Sec.1.5.

Figure 1.8: Enegy densityboxesformedby intersectiorof electricfield intensitysurfacesandflux densitytubes.

To now, we have showvn thatthe electricfield mayberepresenas1-formplanesandthattheflux is representedy
2-formtubes.Now let usseewhatif arnything canbe madeof theboxesformedby combiningthefield planesandthe
flux tubesasshavnin Fig. 1.8. To find outwhatthoseboxesrepresentve expressthe combinationalgebraicallyas

W=/ D,E,drdydz
vol

The combinationof the 1-form electricfield andthe 2-form magnetidlux createsan 3-form entity undertheintegral
sign. Multiplying thedimensionalnitsof D andE gives

c Vv J

M mT
Hencethevolumeintegral of thefield multiplied by theflux is thetotal enegy storedin aregion of spaceby thefields
presenin theregion. The 3-form quantityundertheintegral signis theenegy containedn a cube.
This descriptionof enegy density helpsus understandvhy the refreshrate on a flat paneldisplayis limited.
Recallthat the individual picture elementqpixels) of a flat paneldisplay areilluminated or not dependingon the
voltagethatis appliedto them. To switchfrom oneview to anotherequireghatthe pixelsbe changedbout30times
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eachsecondo preventthe eye from seeingaflicker. This meanghattimeis requiredto move enegy to andfrom the
region betweerthe platesto switchfrom the off stateto theon stateandary enegy storedbetweerthe platesmustbe
removedduringtheprocesof switchingfrom theon stateto the off state.Enegy transferin timeis definedaspower.
Therefore switchingstatesn a finite amountof time requiregpower andtakestime.

In anotherview of this we canconsiderthe capacitancef the systemand calculatethe time requiredto change
statesby usingthe RC time constanbf thecircuit. It is interestingto notethatwe cancalculatethe capacitancérom
theelectricfield andthe electricflux. Thefundamentatefinitionof capacitancés the amountof chage storedgiven
aseparatiorvoltage.The capacitancef a singlecubedefinedby theintersectiorof thetubesof D with the planesof
E is simply thequotient,D, / E, C/V or Farads.

The examplesgivenin this sectionhave introducedphysicaldescriptionsof both electricfield andelectricflux.
Althoughtheseexamplesaresimplethey present usefulfoundationuponwhich systemswith greatemathematical
andphysicalcomplexity canbebuilt. Thefollowing sectionof this chaptershav how to usetheseconceptsn amore
generaketting.

1.2 1-forms

Thegraphicafrepresentationdescribedn theintroductionareusefulin gainingintuitive understandingf thebehaior
of electromagnetidields. In orderto work analyticallywith the laws which governthe fields, we mustdevelop a
mathematicastructureto accompam the graphicalrepresentationsf the previoussection.

As we saw in the previous section,electricfield intensity representpotentialchangewith distance.Iln orderto
find the total potentialdifferencebetweertwo points,we needto integratethe electricfield alonga pathbetweerthe
points.Graphically this meanghatwe countelectricfield intensitysurfaces Mathematicallywe mustperforma path
integral. Quantitieswhich areintegratedover pathsarecalled1-forms.

In theintroduction we discussedhe exampleof a1-formwhichrepresentedariationof afield in thez—direction.
In generala 1-form canrepresentariationin ary direction,andcanbe a combinationof differentialsof all of the
coordinatesAn arbitrary1-form canbewritten

ThethreequantitiesAd;, A,, and A3 arethe components of the 1-form. Two 1-forms A and B canbeaddedsothat
A+ B= (Al +Bl)d$+(A2+BQ)dy+(A3+B3)dZ. (12)

1-formscanbe integratedover paths. As showvn in the introduction,we graphicallyrepresent 1-form assurfaces.
Thel-form dx hassurfacegperpendiculato the z—axisspaced unit distanceapart. Thesesurfacesareinfinite in the
y andz directions.Theintegral of dz overapathfromthepaint(0,0,0) to (4,0,0) is

4
/ dx = 4.
0

This matcheghe graphicalrepresentatiom Fig. 1.9a,sincethe pathshavn in thefigure crossedour surfaces.If the
pathwerenot of integerlength,we would have to imaginefractionalsurfacesin betweerthe unit spacedsurfaces.A
pathfrom (0, 0,0) to (.25, 0,0), for example,crosses25 surfaces.

We canalsothink of dz asa1-formin theplane.In this casethe picturebecomes seriesof linesperpendicular
to the z—axis spaceda unit distanceapart,as shavn in Fig. 1.9h Graphically integralsin the planeare similar to
integralsin threedimensionsthevalueof a pathintegral is the numberof lines piercedby the path.

In orderto graphicallyintegratea 1-form properly we alsohave to think of the surfacesashaving an orientation.
The integral of the 1-form — dz over a pathfrom (0,0, 0) to (4,0, 0) is —4. Thus,whenwe countsurfacespierced
by a path,we have to comparethe sign of the 1-form with the directionof the pathin orderto determinevhetherthe
surfacecontributespositively or negatively. The orientationof surfacescanbe indicatedusinganarrovheadon each
surface but sincethe orientationis usuallyclearfrom context, to reduceclutterwe do notindicateit in figures.

A morecomplicatedL-form, suchas3 dx + 5 dy, hassurfaceghatareobliqueto the coordinateaxes. This 1-form
is shavn in Fig. 1.10. The greaterthe magnitudeof the component®f a 1-form, the closerthe surfacesarespaced.
For 1-formswith componentshatarenot constantthesesurfacescanbe curved,asshavn in Fig. 1.5. The surfaces
canalsooriginatealonga line or curve and extend away to infinity, or the surfacesmay be finite. In this case the
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(a) (b)

Figure 1.9: (a) The 1-form dz integratedover a pathfrom the point (0, 0,0) to (4,0, 0). (b) The 1-form dz in the
plane.

y

\

X

Figure1.10: Thel-form3dx + 5 dy.

integral over a pathis still the numberof surfacesor fractionalsurfacespiercedby the path. Somel-formsaretoo
complicatedo be drawn assurfacesin threedimensiongwe will give a conditionfor this later), but any 1-form can
bedravnin theplane.

A 1-formrepresentaquantitywhichis integratedoverapath.A vectorrepresentaquantitywith amagnitudeand
direction,suchasdisplacemenor velocity. Despitethis difference bothtypesof quantitieshave threeindependent
componentsandcanbe usedinterchangeablyn describingelectromagnetiield quantities.Mathematicallyvectors
anddifferentialforms are closelyrelated.In euclideancoordinatesyve canmalke a correspondencketweenvectors
andforms. The 1-form A andthevectorA areequialentif they have the samecomponents:

Avdr + Asdy + Asdz & A1 X+ Axy + Asz. (1.3)

We saythatthe1-form A andthevectorA aredual. Sinceit is easyto corvertbetweerthedifferentialform andvector
representationg@necanchoosehequantitywhich bestsuitsa particularproblem.We will seein thenext sectionthat
in coordinatesystemothertheneuclideantheduality relationshipbetweerformsandvectorschanges.

1.2.1 Curvilinear Coordinates

Many electromagnetiggroblemshave sometypeof inherentsymmetry In solvingproblemsit is corveniento choose
a coordinatesystemwhich reflectsthatsymmetry For example,the equationwhich definesa cylinder in rectangular
coordinates,/x? + y2 = ¢, become$ = c in thecylindrical coordinatesystemwherep is theradial distancefrom
the z—axis.
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In generaljn threedimensionsa coordinatesystemconsistof threefunctionsu, v, andw which assignnumbers
to eachpoint of space.For corveniencewe assumehatthe directionsin which eachof the coordinatess changing
areperpendicularsothatthe coordinatesystemis orthonormal.ln sucha coordinatesystemthe unit differentialsare
written ash; du, he dv, andhs dw. Thethethreefunctionshy, ho, andhs aresuchthattheintegral over ary oneof
the unit differentialsover a pathof unit euclideariengthin the directionof the particularcoordinates equalto one.
For example,if thelengthof the pathfrom (a, b, ¢) to (', b, ¢) hasunitlength,then

(al7bﬂc)
/ hl du = 1.
(a;b,c)

Theseunit differentialscorrespondo basisvectorsaccordingo therelationships

=

hidu <«
h2 dv <
hadw <+ W.

<>

In this sectionwe give thefunctionshy, hs, andhg for two of themostcommoncurvilinearcoordinatesystems.

z

Figure1.11: Thesurfacesof unitdifferentialsn generabrthonormacturvilinearcoordinategarealwaysaunit distance
apart.

Cylindrical Coordinates

In the cylindrical coordinatesystem,a point in spaceis specifiedby the radial distanceof its z,y coordinatep =

V22 + y2, anglefrom the +z axisin the z—y plane¢, andheightin the z direction(Fig. 1.12). Thus,a point is
written

(p,$,2) (1.4)

in cylindrical coordinates.
The differentialsof the cylindrical coordinatesystemare dp, d¢ and dz. To corvertformsinto unit vectorsthe
angulardifferential d¢ mustbe madeinto a unit differentialp d¢. 1-formscorrespondo vectorsby therules

dp & p
pdp & ¢
dz & %

Figure1.13shaws the picturesof the differentialsof the cylindrical coordinatesystem.The 2-formscanbe obtained
by superimposinghesesurfaces.Tubesof dz A dp, for example aresquaredonut—shapedndpointin the¢ direction.

Spherical Coordinates

In thesphericatoordinatesystemapointin spaces specifiedoy theradialdistancédromtheoriginr = /2 + y2 + 22,
anglefrom the +2 axisin thez—y plane¢, andanglefrom the z axisd, asshavnin Fig. 1.15. A pointis written

(r,0,9) (1.5)
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Figure 1.12: Thecylindrical coordinatesystem.

(0

Figure 1.13: Surfacesof dp, d¢ scaledby 3/7 and dz.

in thesecoordinates.
The differentialsof the sphericalcoordinatesystemare dr, df and d¢. To corvertformsinto unit vectors,the

angulardifferentialsmustbe madeinto unit differentialsr df andr sin 8 d¢. 1-formscorrespondo vectorsby the
rules

dr & t
rdd < 6
rsinfd¢ <« ¢

Fig. 1.16shows thepicturesof thedifferentialsof the sphericakoordinatesystem.

1.2.2 Integrating 1-formsover paths

Thelaws of electromagneticareexpressedn termsof integralsof fieldsrepresentedly differentialforms. In orderto
applythelaws of electromagneticsye mustthereforebe ableto computethe valuesof integralsof differentialforms.
Sincel-formsareby definition mathematicatjuantitieswhich areintegratedover paths the procesof evaluatingan
integral of a 1-form is very natural. The key ideais thatwe canreplacethe coordinatese, y, andz (or u, v, w in
curvilinearcoordinates)yith anequatiorfor a pathin termsof a parameterThe parametepf a pathis oftendenoted
by ¢.
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]
pd
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Figure 1.14: Unit differentialsin cylindrical coordinatesepresentedsfacesof a differentialvolume.

z

Figure 1.15: Thesphericakoordinatesystem.

In generala pathis written in theform (f(t), g(t), h(t)), sothatthefunctionsf, g, andh give thecoordinate®f a
point on the pathfor eachvalueof t. We replacethe coordinatesn a 1-form by thesefunctions,andthentheintegral
canbe evaluated.For a differential,whenthe coordinatas replacedy afunctiondefiningthe path,we thentake the
derivative by ¢ to producea new differentialin the variablet. For example, dz becomesif = f’'(t) dt, wherethe
primedenoteghe derivative of thefunction f(¢) by ¢ (this operations a specialcaseof the exterior derivative, which
will bediscussedn a later chapter). The differentialform now hasa singledifferential,d¢, andthe integral canbe
performedusingstandardulesof calculus.

Example1.1. Integrating a 1-form over a path in rectangular coordinates

Consider the 1-form a = 2dz + 3z dy and a path P which lies along the curve y = z? from the
point (0,0) to (1,1). We wish to find
/ Q. (1.6)
P

We parameterize the path in the variable ¢, so that the path becomes (z = t,y = t2), with ¢
ranging from zero to one. We then substitute these values for z and y into the integral,

[ oty = /Ola<t,t2>
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X (©

Figure 1.16: Surfacesof dr, df scaledby 10/7 and d¢ scaledby 3/ .

Figure 1.17: Unit differentialsin sphericaktoordinatesepresentedsfacesof a differentialvolume.

/1(2 dt + 3t d(t%))
0

1
/ (2 + 6t2) dt
0
= 4.

Example 1.2. Integrating a 1-form over a path in cylindrical coordinates

Supposeve wantto integratethe 1-form daz over the unit circle in the z-y plane. We wantto changevariables
from z to ¢, sothatwe parameterizéhe unit circle as(cos ¢, sin ¢, 0). Theintegralis

2w
/ de = dcos ¢
c

0

—/Ozwsinqbdqﬁ
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= 0.

We could have guessedhe result by noting that eachsurfaceof dz piercedby the pathin the positive direction
(suchthatthe orientationof the surfaceis the sameasthe counterclockwiselirectionof integrationalongthe path)is
canceledvhenthepathpierceshe samesurfacein the negative direction.

1.3 2-forms, 3-forms, and the Exterior Product

As we shavedin theintroductionto this chaptera 2-formis a quantitywhich is integratedover a two—dimensional
surface.Thequantityrepresentinglow of afluid, for example,hasunitsof flow rateperareaandwould beintegrated
over a surfaceto find the total flow rate throughthe surface. Similarly, the integral of electricflux densityover a

surfaceis thetotal flux throughthe surface which hasunitsof chage. A generaR-form C is writtenas

C=CidyA dz+ Cadz A dz + Csdx A dy. a.7)

The wedgebetweendifferentialsis known asthe exterior product. This productallows oneto combinel-formsto
producedifferentialformsof higherdegree.The 2-form dy A dz, for example,is the exterior productof the 1-forms
dy and dz. Theexterior producthastheimportantpropertythatif two differentialsareinterchangedthe sign of the
productchangeslin otherwords,theexterior productof 1-formsis antisymmetricFor example,dyA dz = — dz A dy.
Using this property it is easily seenthat the wedgeproductof two like differentialsis zero: dz A dz = 0. For
cornveniencewe usuallyusethe antisymmetryof the exterior productto put differentialsof 2-formsinto right cyclic
ordet asin Eq.(1.7).
Two 1-formsC andD canbeaddedsothatif C' andD are2-forms,their sumis

C+D=(Cy+Dy)dyA dz+ (Cy +Dy)dz A dx + (Cs + D3)dz A dy. (1.8)

Like 1-forms,2-formshave threeindependentomponentsanda correspondencketweern2-formsandvectorscan
be made. A 2-form with differentialsin right cyclic ordercanbe corvertedin euclideancoordinatego a vectoras
follows:

Cidy A dz+ Cydz A de + Csdx A dy. & C1x + Coy + Csz. (1.9)

The2-form C' is saidto bedualto thevectorC.
Example 1.3. Exterior product of 1-forms.
Let A=3dx+ dy and B = 2dx + 3dy. Then
AANB = (3dz+ dy) A (2dz + 3dy)
6dr A dx+9dxANdy+2dyn de+3dyA dy

9dx A dy —2dz A dy
= Tdx A dy.

This 2-form is dual to the cross product (3% +§) x (2% + 3¥%).

Example 1.4. Exterior product of a 1-form and a 2-form.
Let A =3dx + dy and B = 2dydz + 3dzdxz. Then
AANB = (3dz+ dy)A(2dy A dz+3dz A dx)

= 6dzAdyANdz+3dyA dzA dz
= 9dz A dyA dz.

The result is a 3-form. The coefficient of this 3-form is equal to the dot product (3%+¥)-(2%+3y).
We will discuss 3-forms in greater detail below.
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z

Figure1.18: The2-form dz A dy integratedover asquaren the z—y planeof side2

2-formsareintegratedover areaspr two—dimensionategionsof space Whena 2-form appearsinderanintegral,
we oftendropthewedgedor conciseness:

5 15 5 5
/ / dz A\ dy — / / dz dy. (1.10)
o Jo 0o Jo

2-formsaregraphicallyrepresentedstubes.Thepictureof dz A dy consistof thesurfacef dz superimposedith

thesurfacesof dy. Thesetsof surfacesintersecto form tubesin the z direction. Theintegral of a2-formoveranarea
is the numberof tubescrossingthearea.For dx A dy, theintegral over a squaren the z—y planeof side2 is 4, and
asshavn in in Fig. 1.18, ninetubescrossthis square.The greaterthe component®f a 2-form arein magnitudethe
smallerandmoredensearethe tubesof the 2-form.

As with 1-forms, the tubesof a 2-form have an orientation. The tubesof dz A dy, for example,are oriented
in the +z direction,whereaghe tubesof dy A dz areorientedin the —z direction. Areasof integrationalsohave
an orientation,sincetheir aretwo possiblenormaldirectionsfor any area. The limits of a doubleintegral specifya
directionaroundthe perimeter andthe right—handrule appliedto this directionspecifieghe orientationof the area.
Whenintegratinggraphically we comparehe orientationof eachtubewith the orientationof the areaof integration,
andthetubecountspositively if the orientationsarethe same andnegatively otherwise.

1.3.1 2-formsin Curvilinear Coordinates

In generalcurvilinearcoordinatesthe unit differentialfor 2-formsare hohs dv dw, hshy dw du, andhy hy du dv. If

the 2-form hyh3 dv dw is integratedover a surfacewhich lies in the v-w plane,thenthefactorhs b3 is suchthatthe

valueof theintegralis equalto the areaof the surface. The unit differentialsaredualto the unit vectorsii, ¥, andw.
In the cylindrical coordinatesystem 2-formsandvectorsarerelatedby

pdopANdz < p
dzNdp qAS
dpANpdp & Z

The2-form dp d¢, for example,is dualto thevector(1/p)z.
In the sphericakoordinatesystem2-formsandvectorsarerelatedby

L 1

rddArsinfdy
rsinf@dgp A dr <
drArdd < ¢

>

The2-form df d¢, for example,is dualto thevector#/(r? sin 6).

Example 1.5. Integrating a 2-form using spherical coordinates
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Suppose we want to integrate the 2-form dy dz over the hemisphere with 2 > 0 and radius a
centered at the origin.

1.3.2 3-forms

With the exterior product,we cancombinethree1-forms, or a 1-form anda 2-form, to obtaina 3-form. 3-forms
representensitiessuchasthe densityof electricfield enegy shavn in the introduction. Using the antisymmetryof
theexterior product,we canalwaysordertheproductof all threedifferentialsin right cyclic order, dz A dy A dz. Any
3-form canbewrittenas

gdz A dy A dz (1.12)

whereq is the coeficient of the 3-form. Notice that 3-formsaredifferentfrom 1-formsand2-forms, sincethereis
only onecomponentratherthanthree.

VA

S

X

Figure1.19: The3-form dz A dy A dz integratedoveracubicregion of sidetwo is eight,sincethereareeightboxes
insidetheregion.

3-formsrepresentlensitiesandareintegratedovervolumes or three—dimensionakgionsof space.Thegraphical
representatiors boxes. The pictureof the 3-form dx A dy A dz consistf the surfacesof the 1-forms dz, dy, and
dz superimposedThesesetsof surfacesintersectto producecubesof unit sidewhichfill all space.Theintegral of
this 3-form over ary volumeis thenumberof boxesinsidethevolume.Theintegral

2 2 g2
/ / / drdydz =8
o Jo Jo

is graphicallyrepresenteth Fig. 1.19. (Notethatwe have droppedhewedgesn writing theintegral of this 3-form).
Eachbox of a 3-form hasa signassociateavith it. Theintegral of —dxz A dy A dz overacubeof sidetwo is —8, for
example,sothateachbox of this 3-form contributesminusoneto the valueof the integral insteadof oneaswasthe
casefor dz A dy A dz.

In generalthe coeficient of a 3-form is not constant.In this case the boxesassociatedvith the 3-form canbe
smalleror largerthanthoseof dx A dy A dz. Thegreatetthecoeficient,thesmallerandmorecloselypacledarethe
boxes.Thisreflectsthefactthattheintegral of a 3-formwith a greatercoeficientshouldyield alargevalue.

In curvlinear coordinatesthe 3-form dzx dy dz becomesh; hohs du dv dw. The integral of this 3-form over
ary threedimensionakegion is equalto the volumeof theregion. In cylindrical coordinatesthis 3-form becomes
pdpdg¢ dz, andin sphericakoordinatesy? sin 6 dr df d¢.
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1.4 Gauss'sLaw for theElectric Field
1.4.1 Electric Flux Density

As we saw in theintroduction theelectricflux densityis representetly a 2-form, whichin generahasthe form
D =D dydz + Dydzdzx + D3 dz dy. (1.12)

Thecoeficientsof D have units C/m?, and D hasunitsof D, whichis theunit of electricchage. Thetubesof D rep-
resenflux extendingfrom positive chaigesto negative chages,or from achageto infinity. Whentheelectromagnetic
field changesn time, aswe will seein thefollowing chapteitheflux tubescanalsoform closedloops.

1.4.2 GausssLaw

Gausss law for theelectricfield is written as

st:/V,, (1.13)

wherep is a 3-formrepresentinghevolumedensityof electricchaige(do not confusethe electricchagedensitywith

theradialcoordinatén thecylindrical coordinatesystem!).Eachbox of the 3-form p represent4 Coulombof chage.
S is known asthe Gaussiarsurface. This surfaceis not physical,but is a mathematicatonstructiorusedto evaluate
Gaussslaw. TheregionV is theinterior of the GaussiarsurfacesS.

o

Figure1.20: A graphicakepresentationf Gausss law for theelectricflux density:cubesof p producetubesof D. In
generalthetubesof D will extendoutin all directionsfrom the cubesof p.

Gausss law stateghatfor any Gaussiarsurface thedifferencebetweerthe numberof tubesgoinginto the Gaus-
siansurfaceandthe numberof tubesgoing out mustbe equalto the numberof boxesof chageinsidethe Gaussian
surface. As a consequenceaubesof electricflux begin at positive chagesor endat negative chages. As shavn in
Fig. 1.20,one Coulombof chage producegpreciselyonetubeof electricflux. Thetubesmayalsoextendto infinity
or form closedloops,but wherethey endor begin, chagerepresentetly p mustbe present.

1.4.3 Examples

In this sectionwe will find the electricflux dueto a point chage,aline chageanda planechage usingGausss law
for the electricfield. Our goalfor eachcaseis to find a 2-form that integratesover ary closedsurfaceto yield the
amountof chaigecontainedn thesurface.

We first usethe symmetryof the sourceto guessthe directionof the tubesof flux emanatingrom the chages.
Thistells uswhich differentialsappeain theelectricflux density2-form D. Oncewe know thedirectionof thetubes,
all we needto find is the constanthatmultipliesthe differentialsin D.

We thenpick a convenientGaussiarsurfaceto usein applyingGausss law. Sincetheintegral of theflux overthe
surfacemustequalthe amountof chageinsidethe surface we canfind theconstanin D, andthe problemis solved.
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Point Charge

Thetubesof flux from apointchage extendoutradially from the chage(Fig. 1.21). Thus,theflux density2-form
D hasto bea multiple of the differentials df d¢ in the sphericalcoordinatesystem.The tubesof df d¢ aredenser
nearthe polesf = 0 andd = = thanatthe equator We needto includethe correctionfactorsr? sin § to have tubes
with the samedensityeverywheren spaceThus,D hastheform

Dor? sin 6 df d¢ (1.14)

whereD, is someconstanive needto find.

Figure 1.21: Electricflux densitydueto a pointchage. Tubesof D extendoutradially from thechage.

To applyGausdaw fs D= fv p, weneedto choosea GaussiarsurfaceS. We choosea spherearoundthechage,
sincethis makestheintegrationeasy Theright-handsideis

[ r=a (1.15)
v
whereV is thevolumeinsidethe sphere Theleft-handsideis
27 ™
/D = / / Dor? sin 6 df do
S 0 0
= 4xar?D,.

By Gausss law, we know that4nr2 Dy = Q. Solvingfor Dy andsubstitutingnto (1.14),we obtain

D= Q sin 6 df d¢ (1.16)
A7

for the electricflux densitydueto the point chage. Notethat4r is the total amountof solid anglefor a sphereand
sin 6 df d¢ is the differentialelemenif solid angle,sothis expressiorsimply stateghatthe amountof flux persolid
angleis thesamefor ary distancefrom thechage.

LineCharge

For aline chagewith chagedensityp; C/m,thetubesof flux extendoutradially from theline, asshovnin Fig. 1.22.
Thesearetubesin d¢ dz in thecylindrical coordinatesystem.n orderto startwith standardubesof the samedensity
everywherein spacewe addafactorp, sothat D hastheform

D = Dypdodz (1.17)

wherewe needto find Dyg.
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Figure 1.22: Electricflux densitydueto aline chage. Tubesof D extendradially avay from the vertical line of
chage.

ThemostcornvenientGaussiarsurfaceto usein applyingGausss law is a cylinder of heightb centeredn theline
chage. Theright-handsideof Gausss law becomes
b
/ prdz
0

bpl.

b p2m
/ D = / Dopdpdz
s o Jo
= 2uwbpDy.

Theleft-handsideis

By Gausss law, we know that2wbpDg = bp;. Solvingfor Dy andsubstitutingnto (1.14),we obtain
D =" 4pd: (1.18)
2m

for theelectricflux densitydueto theline chage.

Plane Charge

Thetubesof flux from a planechagewith densityp, C/m? extendout perpendiculato the plane(Fig. 1.23). If the
chageliesonthey—z planethenD is amultiple of xdz = dy dz. For x > 0 thetubespointin the+z direction,and
for 2 < 0 thetubespointin the —z direction,sothat

Dodydz x>0
D= (1.19)

—Dodydz x<0

wherewe mustfind Dy.
To apply Gausss law, we chooseasthe Gaussiarsurfacethe facesof a cubewhich is centeredon the planeof
chage. Theright-handsideof Gausss law becomes
/ / psdydz
0 0

/[/
a pS
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Figure 1.23: Electricflux densitydueto a planechage. Tubesof D extendaway from both sidesof the plane.Only
afew of thetubesareshown.

wherea is thelengthof the sidesof the cube.For theleft-handside,we only needto integrateoverthefront andback
sidesof the cube,sincenoneof thetubesof D cutthroughthe othersidesof thecube.

a a a 0
/D / / Dodydz—/ / Dy dy dz
s 0o Jo 0 Ja

= 2a2D0
wherewe have switchedthe limits onthe —x faceof the cubebecauséts orientationis oppositethatof the +z face.
By Gausss law, we know that2a? Dy = a?p;,. Solvingfor Dy andsubstitutingnto (1.14),we obtain

Ldydz >0
D= (1.20)

—frdydz =<0

for theelectricflux densitydueto the planechage.

1.5 Hodge Star Operator

Oneof the mainpointsof this chapteris thatwhile the electricfield is a singlephysicalquantity we emplgy different
mathematicatepresentationis orderto emphasiz@andwork with differentaspect®f thefield. Sincetheelectricfield

intensity £ andthe electricflux densityD representhe samefield, it is clearthattheremustbe somerelationship
betweenE andD. This relationshipis expressedisingthe Hodgestaroperator The staroperatoworks by takinga
form andcorvertingit to a new form with the “missing” differentials.Hereis how the staroperatoractson 1-forms
and2-forms:

*xdr = dydz, *xdydz = dx
*xdy = dzdx, *xdzdr = dy
*xdz = dx dy, *xdrdy = dz

Notethatthevectordualto a 1-forma is the sameasthe vectordualto the 2-formxa. Also, the staroperatorapplied
twice s theidentity, sothatx x a = « for any form a.

Considethe1-form dz. Thesurfacesof dz areperpendiculato thex direction. Applying thestaroperatomives
dy dz, which hastubesin thex direction,sothatthesurfacesof dz areperpendiculato thetubesof x dz. Thisis true
in general:the staroperatoron 1-formsand2-formsalways makessurfacesinto perpendiculatubesandtubesinto
perpendiculasurfaces.Thisis illustratedin Fig. 1.24.

Example1.6. The Star Operator applied to a 1-form.
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Figure 1.24: Thestaroperatottakes1-form surfacesandmakestheminto perpendicula-formtubes.

If E =3dzx + 5dy, then

*E = 3xdr+5xdy
= 3dydz+5dzdx.

Note that x(3dy dz + 5dzdz) = 3dz + 5 dy.

In curvilinearcoordinatesdifferentialsmustbe corvertedto unit differentialsbeforethe staroperatoris applied.
Thestaroperatoiin cylindrical coordinatesctsasfollows:

*xdp = pdpA dz
*xpdp = dzAdp
*xdz = dpApdp
sothatp mustbeincludedwith d¢ beforethe staroperatorcanbeappliedto make it a 2-formwith unit differentials.

Also, x1 = p dpd¢dz. As with the rectangulacoordinatesystem x = 1, sothatthis sametable canbe usedto
corvert2-formsto 1-forms.

Asin thecylindrical coordinatesystemdifferentialsof thesphericatoordinatesystemmustbe corvertedto length
elementdeforethe staroperatoiis applied. The staroperatoractson 1-formsand2-formsasfollows:
*xdr = rdfArsinfdeo
*rdd = rsinfdeA dr
xrsinfdy = drArdf

Again, ~x = 1, sothatthis table canbe usedto corvert 2-formsto 1-forms. The staroperatorappliedto oneis
r2sin @ dr df d¢.

1.6 Electric Field Constitutive Relation

As notedin theintroductionto this chapterandin the previous section the electricfield intensity 1-form E andthe
electricflux densityD aretwo differentrepresentationsf the samephysicalquantity The mathematicatelationship
betweenE andD is known asaconstitutive relation. The constitutive relationis written usingthe Hodgestaroperator
as

DZGO*E
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wheree is a constanknown asthe permittivity of amedium. In avacuum,ep = 8.854 x 10~12 F/m?. Theelectric
chagesin materialsinteractwith electricfieldsin anextremelycomplicatednanneybut aswill be discussedater,
theaverageeffect of thesenteractionsanoftenbe modelledby changinghe valueof the permittivity. This equation
shaws that surfacesof E yield perpendiculatubesof D (seeFig. 1.24). The constantscalesthe sizesof the tubes
without changingtheir direction.

1.7 Electric Field Energy

An electricfield containsa certainamountof potentialenegy storedin thespacdan whichthefield exists. This enegy
is representedly a 3-form, andthe boxesof this 3-form areproducedby the union of electricfield intensitysurfaces
andflux densitytubes.Theelectricfield enegy density3-formis

we = %E AD (1.21)

wherethefactorof 1/2 arisesfrom the way the electricfield hasbeendefined. (If two chagesareneareachother,
storedpotentialenegy canbe corvertedto kinetic enegy by allowing one chageto accelerateway. The enepgy of
thefield dueto the seconcchaigeremainsbut cannotbe extracted sowe excludeit from thedefinitionof w..)

1.7.1 Capacitance

Two nearbyconductorghatareoppositelychaigedallow enepgy to be storedin the electricfield betweerthem. The
enegy storedin thefield canbeincreasedr decreasetly addingor takingaway from the chageson the conductors.
A measuref theamountof enegy thatcanbe storedby sucha capacitotis the capacitancedefinedby

C=g (1.22)

where( is thechageon oneof theplatesandV is thevoltagebetweerthe plates.TheunitsareFaradsor Coloumbs
perVolt.

Assuminga chage ) storedby a capacitoythe electricflux densityD canbe computedusingGausss law. The
constitutverelationD = e x E thengivesE, from which V' canbefound by integrating £ alonga pathfrom oneof
theconductorgo theother In principle,thecapacitancef ary pair of conductorsanbefoundusingthis method.

Example1.7. Parallel Plate Capacitor

Consider two parallel plates of area A, separated by a distance d. If one of the plates has charge
@ and the other —@Q, we need only find the voltage between them to find the capacitance. From
the previous section, the electric flux between the plates is

D:%dwdy

where the plates are perpendicular to the z-axis. Using the constitutive relation D = € x E, we
find E = Q/(eA) dz. The voltage between the plates is

d
_ Q
V = /0 A dz
aQ
€A
By Eg. (1.22), the capacitance of the plates is

c== (1.23)
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1.8 Exercises

1.1. Draw thel-forms(a) dy, (b) dz + dy and(c) z dzx.

1.2. (a) Findthevectorscorrespondingo the 1-formsin Ex. 1.8. (b) Draw thevectors.
1.3. Draw the2-forms(a) dy A dz, (b) zdy A dz and(c) dy A dz + dz A dzx.

1.4. (a) Findthevectorscorrespondingo the 2-formsin Ex. 1.8. (b) Draw thevectors.

15. Leta = 5dx+dz, b = 2dy andc = 3dz A dz. (a) Finda Ab anda A c. (b) Findthevectorsa, b, ¢ corresponding
toa, b ande. (¢) Computea x b anda - c. (d) Corverta x b into a2-form.

1.6. Find the exterior productof (a) 3dz A dy — zydz A dx andzdy A dz + 2xdz A dx and(b) dz + ydy and
zydr A dy A dz.

1.7. Integratethe 1-formz dx + dy overthecurvey = sinz fromz = 0tox = .

1.8. Draw picturesfor xdz and dz. (a) Whatis the directionof the tubesof xdz? (b) How doesthis relateto the
surfacesof dx?

1.9. (a) Find thevectorscorrespondingo dz + dz andz dy dz + dy dz. (b) Apply the staroperatorto theseforms.
(c) Find thevectorscorrespondingo your answergo partb.

1.10. Apply thestaroperatotto (a) 4 dz + 22 dy, (b) 3dx dz + 4 dy dz, (C) f dy dz — g dy dz.

1.11. Findthevectorscorrespondingo (a) dp + pd¢ + dz, (b) d¢, (c) pdz + % do.
1.12. Findthevectorscorrespondingo (a) pdé dz + dzdp + pdpde, (D)4 do dz, (C) gpdz dp + h% dodz.

1.13. Findthe1-formscorrespondingo (a) 5 + ¢ + 2, (b) pé, (C) pp + %qB

1.14. Findthe2-formscorrespondingo thevectorsin Ex. 1.8.

1.15. Findthevectorscorrespondingo (a)dr + r df + rsin 6 dg, (b) d¢, (c)r dr + L d¢.

1.16. Findthevectorscorrespondingo (a)r d¢ dr + df dr + r dr d¢, (b) 4 d¢ db, (c) gr d6 dr + h% do db.
1.17. Findthe1-formscorrespondingo (a)# + ¢ + 6, (b) ré, (C) 7 + %67.

1.18. Findthe2-formscorrespondingo thevectorsin Ex. 1.8.

1.19. (a) Apply the staroperatotto theformsin Ex. 1.8. (b) Apply thestaroperatorto theformsin Ex. 1.8. (c) Apply
thestaroperatotto theformsin Ex. 1.8. (d) Apply the staroperatorto theformsin Ex. 1.8.

1.20. Apply thestaroperatorto theformsin Ex. 1.8. Compareto theformsin Ex. 1.8. Repeafor Ex. 1.8and1.8.

1.21. Findtheelectricfield intensity E dueto two pointchagesa distanced m apart.(Hint: do achangeof variables
to transformthe electricfield 1-formfor oneof the chagesto the coordinatesystenwith origin atthe otherchage.)
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1.22. Findtheelectricflux densityD insideandoutsidea conductingsphereof radius3 m with surfacechagedensity
2 C/m?.

1.23. Find the capacitancef two concentricconductingeylinders,with radii a andb m suchthata < b andlengthsi
m.



Chapter 2

MAGNETOSTATICS

2.1 Introduction

The previous chapterwas designedo familiarizethe readerwith the importantpropertiesof eletricfields. Electric
fieldswereintroducedusinga flat paneldisplay example. Similarly, this chapterintroducesheimportantproperties
of magnetidieldsusinga currenttechnologythe “write head”on a computermemorydisk. In somewaysmagnetic
fieldsaremoreintuitive thanelectricfieldsbecauseincechildhoodmostof ushave experimentedvith magnetsWe
have a naturalfeel for the attractionof oppositepolesof a magnet.Most have seenthe reactionof iron shavingsto
the magneticfield surroundinga magnet.Despitethis familiarity, mary of the propertiesof magneticfields arestill
a bit mysterious.This chapteremovesthe shroudof mysteryby describingmagnetidieldsin both mathmaticabnd
physicallanguage As in the previouschapteythis chapterusesdifferentialformsasa vehicleto connecthe algebra
andgeometryof magnetidields.

Figure2.1: Magneticdiskdrive.

Let usbeggin our descriptiorfieldsby consideringhe magnetiadisk drive shavn in Fig. 2.1. It is typical of drives
usedfor storagen mostcurrentcomputermemoryapplications Magneticstoragegechnologyis theindustrystandard
becausef its high densityandlow costwhencomparedo solid statestoragealternatves. This device consistsof a
rotatingdisk coatedwith a magneticmaterial. Bits of informationareencodedn smallareas(< 1 squaremicron)
of the magnetiamaterialby changingts magneticalignment.The magneticalignmentis detectedy the “readhead”
andthealignmentcanbe changedvith the“write head. Althoughthe precisedetailsof how thereadandwrite heads
interactwith the disk to eitherretrieve or storedatawithin the magneticmaterialsis beyondthe scopeof this chapter
ageneraldescriptionof the processs presentedh whatfollows.

Figure 2.2 shawvs a two-dimensionaliew of a write headabove a rotating disk. The write headis shavn as
consistingof two opposingnagnetigoles'flying’ ata smalldistanceabove the magnetiamaterialcoatedon thedisk.
As the headflies over a sectionof the disk, the magneticmaterial(which canbe thoughtof asmicroscopicmagnets

25
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Figure 2.2: Disk drive write head.

embeddedn aviscousmaterial)orientthemselesastheir polesareattractedo the polesof the magnetasshovnin
thefigure. Thedirectionof orientationof themagnetianaterialdepend®nthedirectionof themagnetIf the polarity
of the magnetis changedthe alignmentof the magneticmaterialfollows. For computerapplicationspnemagnetic
orientationis interpretedasa “one” bit andthe otherasa“zero” by thereadhead.

Figure 2.3: Gapbetweemorthandsouthpolesof amagnet.

Although the force of attractionof the magnetextendsbeyond the ‘gap’ region betweenthe two polesof the
magnetfor simplicity let usrestrictoursehesto the behaior in the gapbetweenthe two polesof a magnetfor the
time being. Figure2.3 depictsthe gapbetweenwo oppositepolesof a magnet.We notethe similarity betweerthis
structureandthe parallelplate capacitor In the caseof the capacitorwe definedthe electricfield andflux between
the platesof the capacitorin termsof the voltagedifferencebetweerthe platesandthe chage on the plates. In the
magneticcaselet us begin by describingthe flux betweenthe two oppositepolesof the magnet. As in the caseof
the parallel plate capacitorwe canthink of flux asa connectionin spacebetweentwo equaland oppositechages.
In the magneticproblemthe chagesare replacedoy magneticpoles. The unit associatedvith the magneticpoles
is the Weber a unit of magneticchage. (To dateanisolatedmagneticchaige, or magneticmonopole hasnot been
discovered.For everynorthpole onefindsanequalandoppositesouthpole,thetwo beinginseparable As in thecase
of electricflux we canthink of tubesof magnetidlux connectinghe northandsouthpolesof the magnetasshavn in
thefigure. To find theamountof flux betweerthe polesoneonly needgo countthe numberof tubes.In generathis

may be computedusingthefollowing integral:
v = //Bz dz dy
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whereB, dz dy is the2-formrepresentingheflux tubes.The2-formcoeficient, B, , representtheamountof flux per
unitareaandis calledthemagnetidlux density A highmagnetidlux densitymeansastrongmagnetiattractionexists
betweerthe two polesof the magnetandtheflux tubesaresmallerandmoredenselypacled. A large electromagnet
generates magnetidlux densityof several Webers/m or equivalently, several Teslas.

Figure 2.4: Relationshibetweermagnetidlux tubesandperpendiculafield intensitysurfacegdashed).

Thereaderwill recallthe relationshipbetweenelectricfield andelectricflux. Thereis a similar relationshipin
magnetism.Recallthatthe electricfield is representeds planesthat are perpendiculato the tubesof electricflux,
similarly themagnetidield mayberepresentedsplanegrependiculato themagnetidlux density Figure2.4shavs
therelationshipbetweernthe magneticfield andmagneticflux betweerthe polesof amagnet.The magneticflux is a
2-formandthe magnetidield is a 1-form. The magnetidield andflux arerelatedby the constitutive relation:

B=uxH

Herey is the permeabilityof the medium,andis py = 47 x 10~% Henrysin freespacelt is ameasuref thedegree
to whichamaterialresponds$o a magnetidield. Performingahodgestaroperatioron bothsidesof theequatiorngives

H =x%B/u

Geometricallythis is interpretedasthe 2-form B dx dy tubesyielding perpendiculaf-form magneticfield planes,
H dz. Theunitsof themagnetidield areA/m.

Themagnetidield andflux canbe combinedo find the magneticenegy storedbetweerthe polesof the magnet.
Theexterior productof thetwo quantitiess

1

This 3-formrepresentboxesof enegy. Integratingthe boxesover aregion gives

Em=/wm
R

which computeshe magneticenepgy storedin a region of space. A greaterdensity of boxes meansthat thereis
a greateramountof enepgy storedin spaceper unit volume. The capacityto storeenepgy in the magneticfield is
measuredh termsof theinductancef the medium.We write this for theexampledescribedhbove as

L = B/H Webers/Ampere

wheretheunitsaredefinedasHenrys.
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2.2 Gauss'sLaw for the Magnetic Field
2.2.1 Magnetic Flux Density

As we saw in theintroduction,the magneticflux densityis similar to the electricflux density andis representetly a
2-form,
B = By dydz + By dzdx + B3 dx dy. (2.2)

Thecoeficientsof B have unitsWb/m?, and B hasunitsof Wb, whichis theunit of magneticchage. Thetubesof B
represenflux extendingfrom northmagnetigolesto southmagnetigoles.Magneticflux tubescanalsoform closed
loopsarounda current.

2.2.2 GausssLaw

7
| @

X

Figure 2.5: Tubesof magnetidlux musteitherextendto infinity or form closedloops.

Gausss law for magnetidlux densityis

?iB =0 (2.2)

whereS is a closedGaussiarsurface. Theright handsideof this equatioris zero,sinceno isolatedmagneticchages
have ever beenobsened. Magneticfields canonly be createdby moving chagesor changingelectricfields, andso
magneticsourcesanonly exist in the form of pairsconsistingof northandsouthpoles. This law stateghattubesof
the 2-form B cannever end—thg musteitherform closedloopsor go off to infinity. If the tubesof magneticflux
wereto end,thenif the GaussiarsurfaceS containedhe endpoint, a tubewould passinto the closedsurfacewhich
would notcomebackout, andtheintegral in Eq. (2.2) would be nonzero.

2.3 Magnetic Field Intensity

Justastheelectricfield canbedescribedy bothflux densityandfield intensity we alsodefineafield intensityl-form
H=H,dz+ Hydy + Hs dz (2.3)

for themagnetidield. The unitsof the coeficientsare A/m, and H hasunits of Amperes.In aregion containingno
currentsor time—aryingfields, the surfacesof the magnetidield intensity1-form H canbeviewedasequipotentials
for themagnetigotential.

24 Ampee€eslaw

Ampereslaw for staticfieldsis

ﬁHzAJ (2.4)
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whereA is atwo—dimensionalegion,andP is theboundaryof thatregion. P is alwaysaclosedioop andis known as
the Amperian contour. It is similar to the Gaussiarsurfaceof Chap.3. The2-form J representshedensityof current
flow, andhasunitsof A, sothatonetubeof J representsneAmpereof current.For awire carryingcurrentthetubes
of J areparallelto andinsideof the conductor Amperes law stateshatthe numberof surfacesof H piercedby the
Amperiancontouris equalto thenumberof tubesof J passinghroughtheloop. Graphically this meanghatsurfaces
of H extendaway from tubesof .J, asshavn in Fig. 2.6. We saythatthetubesof J aresourcedor the surfacesof H.

Figure2.6: A graphicalrepresentationf Ampereslaw for notime-varyingelectricflux: tubesof J producesurfaces
of H.

The 1-form shown in Fig. 2.6 hasthe propertythat integrals aroundclosedpathscanbe nonzero. In this case,
theintegral is nonzeraif tubesof the currentdensityJ passthroughthe Amperiancontour This is anexampleof a
nonconserativefield. The surfacesof anonconserative 1-form do not representegionsof a fixed, uniquepotential,
but they do representhangein potential,sinceeachtime a magneticchaige movesacrossa surface, its potential
changedy aunit value.

Figure 2.7: Justasthe walkersmove continuallyupward or downward asthey travel aroundthe closedstaircasea
magnetiacchagemoving arounda current-carryingvire experiences continualchangerom highto low potentialand
gainseneny, or in the oppositedirectionthe potentialchange$rom low to high andwork mustbedoneonthechage.

Wewill now employ thislaw find themagnetidield intensityfor severalchoicedor the currentdensity2-form J.
We find themagnetidield for a currentconfinedto a straightwire, a sheetcurrent,anda solenoid.

241 LineCurrent

If acurrentl; A is flowing alongthe z-axis,sheet®f the H 1-formwill extendoutradiallyfrom thecurrent,asshavn
in Fig. 2.8. Thesearethe planesof d¢ in thecylindrical coordinatesystem We know that H is

H = Hyd¢ (2.5)
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Figure 2.8: Magneticfield intensity H dueto aline current.

whereHj is a constantve needto find usingAmperes law.
We choosehe AmperiancontourP to beacircle aroundthe z-axis. Sincewe assumehat D = 0, theright—-hand
sideof Ampereslaw becomes
[=1
A

sincel; A of currentflows throughthedisk A thatliesinsidethecircle P. Theleft-handsideis theintegralof H over
thecircle,

27
/ H Hy do
P

0
= 27THO.

Solvingfor Hy shawvsthat Hy = Z,I—;T sothat

H= 21—; dé (2.6)

is themagnetidield intensitydueto theline current.

2.4.2 Sheet Current

For asheetcurrentof J; A/m flowing in the+z directiononthex = 0 plane,thesurfacesof H will extendoutfrom
the currentparallelto they = 0 plane(Fig. 2.9). Thesearesurfacesof dy. For z < 0, the surfacesof H mustbe
orientedin the oppositedirectionasthey arefor z > 0, sowe cansaythat

HO dy x>0
H = (2.7)
—Hydy 2<0

whereHj is anunknavn constant.
In this casewe will takethe Amperaarcontourto bea squareof sideb thatis cutin half by thecurrentsheet.The
total currentpassinghroughthe squares.
b
/ J = Js dy
A 0

= bJ,.

Theintegral of H aroundthe sidesof thesquarés

b 0
/ H = / Hody— Hody
P 0 b

I
[\]
o

=
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Figure 2.9: Magneticfield intensity dueto a sheetcurrent. Surfacesof H extend out away from the sheet. The
surfacesntersecthe sheetalonglinesof currentflow.

sincethe sidesof the squareparallelto the z axis do not passthroughary of the surfacesof H. Solvingfor H, and
substitutingnto theexpressiorfor H above gives

%dy z>0
H= (2.8)
—%dy z<0

for themagnetidield intensitydueto the currentsheet.

2.4.3 Solenoid

Considera solenoidof radiusa with N turnsof wire per meter Surfacesof H extendout from eachloop of wire in
all radialdirections but cancelsuchthat H hasonly a dz componentasin Fig. 2.10. H canbewritten Hy dz.

z

Figure 2.10: (a) Two of the turnsof a solenoid. Surfacesof H extendout radially from the turns. (b) At a point
betweenthe two loops, by the symmetryof the solenoidall component®f H cancelexceptfor the dz component.
Also shavn aretwo Amperiancontoursusedto computeH usingAmperes law.

Integrating Hy dz overthe Amperiancontourin Fig. 2.10bthatis outsidethe solenoidgives

b
0

= bH()
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sincetheloop closedar away from thesolenoidwherethefield hasfallento zero. Theonly contritutionto theintegral
is alongthe vertical side nearthe solenoid. This loop encloseso current,so by Amperes law, bHy, = 0 andthe
magnetidield outsidethe solenoidmustbe zero.

Integrating Hy dz over the other Amperiancontourin Fig. 2.10bgivesbHj, sincethe integral is nonzeroonly
alongtheverticalsideof theloopthatis insidethe solenoid.Theloop encloses currentof 6N I A. By Ampereslaw,
Hy = NI andthemagnetidield insidethesolenoidis N1 dz.

2.5 Magnetic Field Energy

Justasthe electricfield betweenthe platesof a capacitorstoresenegy, a magneticfield storesenegy aswell. If
oneconnectgheleadsof a coil with a few hundredturnsof wire to a smallbattery whenthe leadsaredisconnected
quickly theenegy containedn themagnetidield aroundthewire is dissipatedy a sparkasthefield collapsesin this
section,we give a mathematicatlefinitionfor enegy storedby the magneticfield, andusethis to defineinductance,
which measuretheamountof enepgy storedby a conductorof a givenshapefor a unit amountof currentflow.

Theenegy storedby the magnetidield is
1
Wiy = 5H/\ B. (2.9)
Usingthe constitutive relationfor the magnetidield, this canberewritten as
Wy = %,uH A*H. (2.10)
Thequantityw,, is a 3-formrepresentinghe densityof enegy stored,andhasunits J/nt.

25.1 Inductance

As with a capacitor a current—carryingvire allows enepgy to be storedin the magneticfield aroundthe wire. A
measuref theamountof enepgy storedis theinductancen Henryspermeter

_ Y

L
I

(2.11)

wherey is theflux linkedby aclosedoop, IV is thenumberof turnsof conductoraroundtheloopandI is thecurrent
flowing in theconductor) is givenby theintegral

wz/AB (2.12)

whereA is adisk boundedy theclosedlioop and B is the magnetidlux densityproducedoy the currentflow.
Example2.1. Inductance of a solenoid.

As we found earlier in this chapter, inside a solenoid of radius a centered on the z—axis the
magnetic field intensity is H = NIdz. Integrating B over a slice of the solenoid gives ¢ =
uNIra?, so that the inductance of the solenoid per unit length is

L = ma’uN?.
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2.6 Exercises

2.1. Find theinductanceof pair of parallelwiresof length2 m, separatedby a distancel cm. At oneend,the wires
areconnectedAt the other a currentsourcedrivesthe system.Neglecteffectsto fringing of fieldsat theendsof the
wires.
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Chapter 3

TIME VARYING FIELDS

3.1 Introduction

In previous chapterswe have seenthat electricfields are producedby staticelectricchage and magneticfields are
producedby moving chages,or currents. In this chaptey we will seethatan electricfield which changesn time
produces magnetidield. Similarly, amagnetidield which changesn time producesanelectricfield.

Historically, the experimentafactthattime—arying magneticfields producean electricfield wasobsenedfirst,
by FaradayandHenryin the 1830s andis written mathematicallyasFaradays law:

E=-— | B 3.1
; ot/ 3.1

where(C is a closedcontourand A is a surfaceboundedby the contour This law shows that surfacesof the electric
field intensity1l-form E areproducedy tubesof time—aryingmagnetidlux density

Maxwell hypothesizedhata similar relationshipbetweerntime—arying electricfieldsandmagnetidield existed.

Oneway to understandhis is to considera capacitordrivenby a sinusoidaloltagesource.We canapply Amperes
law to this circuit, andplacethe Amperiancontoursothatit passesroundoneof theleadsto the capacitorasshavn

in Fig. 3.1.
0 |

!

Figure 3.1: A sinusoidaloltagesourcedrivesa capacitor An Amperiancontouris shavn passingaroundoneof the
connectingwires.

Fromthediscussiorof Ampereslaw in Chap.3, we have that

ﬁg:ﬁj (3.2)

where(' is the contourpassingaroundoneof the connectingwires. If we chooseA to be aflat disk in the planeof

35
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the contouy thenthe right handsideis equalto I, the total currentpassinghroughthe wire. The left—-handsideis
thereforeequalto I aswell.

Figure3.2: Ampereslaw appliedto thesamecontourasin Fig. 3.1but with the surfacepassingretweerthecapacitor
plates. No electriccurrentflows throughthe surface,so the electricfield betweenthe platesmustcontrikute to the
right—-handsideof Ampereslaw. Thisis displacement current.

RecallthatAmpereslaw holdsfor any surface A, aslong asit is boundedoy the Amperiancontour If we fix the
contourandstretchthesurfaceA, theleft—-handsidedoesnotchange Supposehatwe chooseA to bea surfacewhich
passedetweerthe platesof the capacitorasin Fig. 3.2. Clearly no currentpasseshroughthis surface sinceit is not
intersectedy thewire. Betweenthe platesof the capacitolis aninsulatingmaterial,sono currentflows betweerthe
plates.We arrive ata contradictiontheleft—handsideof (3.2) becomegzero,but theright—handsideis equalto I.

Maxwell postulatecanadditionaltermto be addedto Eq. (3.2) which resohesthis contradiction.Becausef the
chage storedin the capacitoy thereis an electricfield betweenthe plates. This changingelectricfield leadsto an
effective currentwhich appearsn Amperes law:

?iH:%/AD-I—/AJ. (3.3)

This new termis known asthedisplacement current.
Equationq3.1) and(3.3) arevalid for time—varyingfields, asare Gausss laws for the electricand magneticflux
densitydiscussedn the precedingchapters.We now have the full setof laws which describethe behaior of the

electromagnetidield. In this chapterwe will examinein more detail Maxwell's laws for time—aryingfields, asa
preparatiorfor treatingin laterchaptershe mostimportantapplicationof thesdaws: electromagnetiwaves.

3.2 Maxwdl'sLawsin Integral Form

In this sectionwe summarizeéhe completesetof Maxwell’s laws in integral form. Table3.1 givesall of thefield and
sourcequantitiesthe degreesof the differentialformsusedto representnem,andtheir units. Maxwell’s laws are

il
EFE = —— B
740 dt J 4
7{1{ i/D+/J
c dt J 4 A
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£ = e

7{'5 B =0 (3.4)

where(C is ary closedcontour A is ary surfaceboundedby the contourC, S is ary closedsurface,andV is the
volumeboundedby thatsurface. Thefirst pair are Faradays and Amperes law, respectiely, andthe secondpair are
Gausss laws for themagneticandelectricflux densities.

| Quantity Form Type  Units Vector/Scalar

ElectricField Intensity F 1-form
MagneticField Intensity H 1-form
ElectricFlux Density D 2-form

B

J

p

MagneticFlux Density 2-form
ElectricCurrentDensity 2-form
ElectricChage Density 3-form

S AN !

o>s0><
(o

Table3.1: Thedifferentialformsof electromagneticgheir degree andthe correspondingectorquantities.

In previouschaptersye have discusse@®Gaussslaw for theelectricandmagnetidields,andAmpereslaw without
thedisplacementurrentterm. In theremaindeiof this sectionwe will examineFaradays law in detail.

3.21 Faraday'sLaw

Faradays law stateshatary closedcontourwhich passesaroundtubesof time—arying magneticflux densitymust
piercesurfacesof the electricfield intensity1-form E. Thegraphicalrepresentationf this law is identicalto that of
Amperes law in the previous chapter:just astubesof currentflow are sourcefor magneticfield surfaces tubesof
time—aryingflux aresourcedor electricfield surfaces.

Faradayslaw is the basisfor the electricgeneratarlf amagnetandaloop of wire arerotatedwith respecto each
other thenthe magneticflux throughthe coil of wire changesn time. By Faradays law, the integral of the electric
field intensityaroundthe loop of wire is nonzero andthis potentialcausesurrentto flow. The electrictransformer
alsousesthe sameprinciple: a primary coil producesa changingmagneticfield, andthe resultingtubesof flux pass
througha secondarycoil, anda voltagearoundthe secondarys induced. Below areillustrationsof a very simple
transformemndanelectricgeneratar

Example 3.1. Loop near time—varying current

A square loop of wire lies near a sinusoidal current I(t) = sin (100¢) V flowing along the z axis
(Fig. 3.3). From Ampere’s law, the magnetic field produced by the currentis B = ulI /(27p) dz dp.
By Faraday’s law, the voltage around the loop is

45

Note that the induced voltage is independent of the value of the resistance in the loop.

b pc
— / 50 cos (100¢) dz dp
a Jo TP

50 cos (100t) In b Y,
™ a

Example 3.2. Simple electric generator
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Figure 3.3: Faradayslaw shavsthata voltageis inducedarounda squareconductingoop throughwhich passeshe
magnetidield producedy atime—aryingcurrent.

In this example, we consider a very simple type of electric generator. A cylindrical conducting
bar lies free to move on two conducting rails, as shown in Fig. 3.4. A constant magnetic field
By dz dy passes between the rails. If the bar is moved at a constant velocity v, the voltage
induced around the loop formed by the rails and bar is

6 vt a
E - B
‘7{ at /, /0 o dx dy

0
= - g vtaBy

= —wabBy V.

Work required to move the bar is converted into electrical energy.

Figure3.4: SimpleelectricgeneratarA conductingodrolls ontwo rails, sothatthemagnetidlux throughthecircuit
changesndavoltageis inducedacrosgheresistor

3.3 Exterior Derivative

In this sectionwe definethe exterior derivative operatorwhich will allow usto expresaviaxwell’slaws asdifferential
equations. This operatorhasthe symbold, andactson a p-form to producea new form with degreep + 1. This
(p + 1)-form characterizethe spatialvariationof the p-form.

Theexterior derivative operatorcanbewritten as

d:(a%dx-l-a%dy-i-%dz)/\ (3.5)
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The d operatoris similar to a 1-form, exceptthat the coeficients are partial derivative operatorsinsteadof func-
tions. Whenthis operatotis appliedto a differentialform, the derivativesacton the coeficientsof the form, andthe
differentialscombinewith thoseof theform accordingo the propertiesf the exterior product.

Computingexterior derivativesis straightforvard. One takesthe partial derivative of a differentialform by z
and addsthe differential dz from the left, repeatsfor z and y, and addsthe threeresults. This processis very
similarto implicit differentiationgxceptthatonemustcombinenew differentialswith existing differentialsusingthe

exterior product.Whentakingthe exterior derivative of a 1-form or 2-form, sometermsmaydropout dueto repeated
differentials.

Example 3.3. Exterior derivative of a O-form.

The exterior derivative of 3z2z is

9 dm+2dy+£dz)/\3x2z

2 — -
d3r'z = (8:1: oy 0z

_ 0.9 9, o 9,9
= 63}316 zdz + ay?)a: zdy + 62330 zdz

= 6zzdr+0+3z%dz
= 6zzdz+ 32%dz

The gradient of 322z is 6zz% + 3222, so the exterior derivative of a 0-form is analogous to the
vector gradient operator.

Example 3.4. Exterior derivative of a 1-form.
The derivative of the 1-form f dx is

9 dx+£dy+%dz)/\fda:

= ifda:/\ dm-l-gfdy/\ da:-l—gfdz/\ dx
Oox Oy 0z

_ of of
= 6zdz/\da: 6yda:/\dy.

The vector curl operator applied to fz yields %g) - g—ié, which is the dual vector of the 2-form
found above.

Example 3.5. Exterior derivative of a 2-form.
The derivative of the 2-form 3z dy A dz — zydz A dx is

9 da:+2dy+

(£ 3y 2dz)/\(3:t:dy/\ dz — zy dz A\ dz)

dBzdy A dz —zydz A dx) = 5

= £3xdm/\ dy A dz — ga:ydy/\ dz N dz
ox oy

= (3—1z)dz A dyA dz.

The vector divergence of 3zz — zyy is 3 — z, which is the coefficient of the 3-form found above.
The exterior derivative of any 3-form would be a 4-form, which must be zero due to repeated
differentials.

An importantidentity is
dd

Il
o

(3.6)
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meaningthat the exterior derivative appliedtwice alwaysyields zero. This relationshipis equivalentto the vector
identitiesV x (Vf) = 0andV - (V x v) = 0. Theexterior derivative alsosatisfiesa productrule analogousgo the
productrule for the partialderivative,

dlaApB)=danp+ (-1)Pands (3.7)

wherep is thedegreeof a.

3.3.1 Exterior Derivativein Curvilinear Coordinates

Regardlesof the particularcoordinatesystem the form of the exterior derivative operatoremainsthe same.If the
coordinatesire (u, v, w), theexterior derivative operatoris

0 0 0
In cylindrical coordinates,
0 0
(2 = 3.9
d ( dp+ 5 5 d¢ + dz) 3.9)

which is the sameasfor rectangulacoordinatesut with the Coordlnatesp, ¢, z in theplaceof z, y, z. Notethatthe
factorp associateavith d¢ mustbe presenivhencorvertingto vectorsor applyingthe staroperatoybut is notfound
in the exterior derivative operator
Theexterior derivative in sphericaktoordinatess
0 0
d={—dr +—d0+— 3.10

(= 35 16) - (310
Fromtheseexpressionsye seethatcomputingexterior derivativesin a curvilinearcoordinatesystemis no different
from computingin rectangulacoordinates.

3.4 Stokes Theorem

The mostimportantpropertyof the exterior derivative is the generalizedtoles’ theorem.If w is a differentialform,
then

o dw = ¢4 0 w- (3.12)

M is someregion of spaceandbd M is its boundary The dimensionof bd M hasto matchthe degreeof w. This
formulamay seemobscurebecauset is in abstractanguagebut the ideabehindit is quite simple,especiallywhen
interpretecgraphically

If w is a O-form, then Stokes’ theoremstatesthat f: df = f(b) — f(a). Thisis the fundamentatheoremof
calculus.

If wisal-form,thenbd M hasto beaclosedpath. M is asurfacethathasthe pathasits boundary Graphically
Stokes’theorenmsaysthatthe numberof surfacesof w piercedby the pathis equalto thenumberof tubesof the2-form
dw thatpassthroughthe path(Fig. 3.5).

If wis a2-form,thenbd M is aclosedsurfaceand M is thevolumeinsideit. Stokes’theoremrequiresthatthe
numberof tubesof w thatcrossthe surfaceis equalto the numberof boxesof dw insidethe surface,asshavn in Fig.
3.6.

3.5 Maxweél'sLawsin Point Form

For problemsotherthanthosethatarevery symmetric suchaspointandline sourcesMaxwell’'slaws in integral form
aredifficult to useanalytically A differentialformulationis moreappropriatén mary casesespeciallyfor the study
of waves,whichwewill take up in the next chapter In this sectionwe employ Stokes’ theoremto cornvertMaxwell’'s
laws from integral form to pointform.
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%

Figure 3.5: Stokestheoremfor w a 1-form. (a) Theloop bd M piercesthreeof the surfacesof w. (b) Threetubesof
dw passhrougha surfacesM boundedy theloopbd M.

; i

(a) (b)

Figure 3.6: Stokestheoremfor w a 2-form. (a) Fourtubesof w passhroughtheclosedyectangulasurfacebd M. (b)
Four boxesof the 3-form dw lie insidethe surface.

3.5.1 Faraday’'sand Ampere'sLaws

Faradayslaw in integral form is

f;E:/A—%B (3.12)

We wish to apply Stokes’ theoremto the left handside of Faradays law. Stokes’ theoremfor the caseof a 1-form
relategheintegral of the 1-formoveraclosedpathto theintegral of the exterior derivative of the 1-form overasurface
boundedby the path. This will leadto integralsover A on bothsidesof theequationandsinceA is arbitrarywe will
thenbeableto remove theintegralsandarrive at the desireddifferentialequation.

By usingStokes’'theorem(3.11)with M asthesurfaceA andw astheelectricfield intensity £, we have that

]i B= /A dE (3.13)

Substitutinghis relationshipnto Faradays law gives

/AdE:/A—%B (3.14)

In generalgventhoughtwo integralsareequal,theintegrandsmay be different. In this case however, the surface A
is arbitrary sotheintegrandsof Eq. (3.14)mustbeequal.Onewayto seethisis to shrinkthe surface A until it is very
small. The integralsarethenapproximatelyequalto their agumentsevaluatedat a point inside A multipled by the
areaof A. Theareadlivide outin thelimit, andtheintegrandsareequal.We thusarrive at

dE=-2B (3.15)
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This is Faradays law in point form. Graphically this law statesthat surfacesof E canonly end alongtubesof
time-varyingmagnetidlux.

Usingasimilarargument Amperes law becomes

dH = 2D + J.

(3.16)

Graphically Ampereslaw shavsthatsurfacesof H canonly endalongtubesof time-varyingelectricflux or tubesof
electriccurrent.

Example 3.6. Faraday’s law in point form

We wish to find the magnetic field intensity if the electric field is E = sin z coswt dy. By Faraday’s
law,

2B = —d(sinz coswtdz)

ot
= —coszcoswtdr dy.

Integrating this result in ¢ and using the constitutive relation H = xB/u shows that the magnetic
field intensity is equal to — cos z sin wt/(wu) dz, where we ignore the possibility of another term
which is constant in time.

Example 3.7. Ampere’s law in point form

Determine the value of w for the field in the previous example. Using Ampere’s law and D = exE,
we have that

—d(coszsinwt/(wp) dz) = %e*(sin x coswt dy) (3.17)

which leads to the relationship w = +1/, /ep.

3.5.2 GaussslLaws

Gausss law for theelectricflux densityis

jéD:/Vp (3.18)

Using Stokes’ theoremwith M asthevolumeV, bd M asthesurfaceS, andw asthe2-form D shavs that

745 D= /V dD. (3.19)

Combiningthis relationshipwith Eq. (3.18)leadsto

/V dD = /V p. (3.20)

SinceV is arbitrary theintegrandsmustbe equal,sothatwe have therelationship

dD = p. (3.21)

Thisis Gaussslaw for theelectricfield. Graphicallyit stateghattubesof electricflux densitycanendonly onelectric
chages.
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Similarly, Gausss law for themagnetidield is

dB = 0. (3.22)

Graphically this law shavs thattubesof magnetidlux densitynever end. They mustform closedlioopsor extendto
infinity.
Example 3.8. Gauss's law in point form
Could the magnetic field intensity be equal to the 1-form siny dy? Since
dxsinydy = dsinydzdz
= cosydxdydz

is nonzero, the corresponding flux density would not satisfy Gauss’s law, so H cannot be equal
to sin y dy.

In this sectionwe have dervedMaxwell’s lawsin pointform:

0
E = ——B
d ot
0
H = D
d 5 +J
dD = p
dB 0.

Togetherwith the constitutve relatonsD = exE andB = uxH, we now have a setof coupledpartial differential
equationswhich describethe electromagnetidield. In later chapterswe will apply standardechniquesof partial
differentialequatiortheory suchasseparatiorof variablesto solve theseequationandgainfurtherunderstandingf
thebehaior of electromagnetiéields.

3.6 Boundary Conditions

If a magneticfield changesabruptly alongsomeboundarysurface, Maxwell's laws requirethat an electric current
flow alongthe boundaryto accountfor the stepin field intensity Similarly, Maxwell's laws restrictthe possible
discontinuityin the electricfield at a boundary In this section,we derive expressiongor theseboundaryconditions
onE,H, D,andB.

3.6.1 Field Intensity

In this section,we derive boundaryconditionsfor the electricand magneticfield intensity1-forms E and H. Asin
Fig. 3.7, we denotethe magnetidfield on onesideof a boundaryas H,, andthefield on the othersideas H,. If we
choosean Amperiancontourwith onesidejust abose andthe otherjustbelon theboundaryasshavn in Fig. 3.7,the

left handsideof Ampereslaw becomes
7{ H= / (Hy — H>) (3.23)
c P

in thelimit asthewidth of the contourgoesto zeroandthe sidesof the contourmeeteachotheralongacommonpath
P ontheboundary Theright handsideis equalto the surfacecurrentflowing acrosghe path P, sothat

/P(H1 — H,) =/PJ5 (3.24)
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H,

Figure 3.7: A discontinuityin the magneticfield above andbelov a boundary The surfacecurrentflowing on the
boundarycanbefoundusingan Amperiancontourwith infinitesimalwidth.

whereJ; is a 1-formrepresentinghe surfacecurrentdensityon theboundary
SinceEq. (3.24) holdsfor ary path P on the boundarythe integrandsmustbe equalon the boundary We thus
have that
Js = (H1 — H2)|B (3.25)

wherethe right handside is the restrictionof the magneticfield discontinuityto the boundary The 1-form J; is
representedyraphically by the lines along which the 1-form H; — H- intersectsthe boundary as showvn in Fig.
3.8. Currentflows alongtheselines. If the surfacesof H; — H, areparallelto the boundarythenthe surfacesdo
not intersectandtherestrictionis zero. Thus, Eq. (3.25) representshe tangentialcomponenbf the magneticfield
discontinuity Thedirectionof currentflow alongtheselines canbe obtainedusingthe right handrule: if the right
handis on the boundaryandthe fingerspointin the directionof H; — H», thenthethumbpointsin the directionof
currentflow.

&) (0

Figure 3.8: (a) Thel-form H; — H,. (b) The 1-form J;, representetyy lineson the boundary Currentflows along
thelines.

In orderto computetherestrictionmathematicallywe employ anexpressiorof theform z = f(z,y) to represent
theboundaryandreplaceall occurencesf thevariablez in H; — H, with thefunction f(z,y), sothat

Js = [Hl(w,y,z) - H2(x>yaz)]|z=f(w,y)
= [le(mayaf) - H2:c(x;yaf)] dz + [Hly(xay;f) - sz(lll',y,f)] dy + [H1z(x,y,f) - H2z($ayaf)]df
= Hlaf: - HZJ: + %(le - HQz)] dz + [Hly - H2y + g_;(le - H2z) dy

If partof theboundanyis parallelto thex —y plane thentheboundarymustbeexpresseasz = g(y, z) ory = h(z, 2).
Thefollowing examplesprovide illustrationsof the applicationof this boundarycondition.

Example 3.9. Magnetic field intensity boundary condition
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Suppose that the magnetic field is 3 dz above the z — y plane, and 2dz below. The surface
current on the boundary is

Js = (3dz —2dz)|,=0
= 3dx

The current flows in the y direction along the lines of dz in the z — y plane.

Example 3.10. Surface current on a paraboloid

If a magnetic field H = dz exists above the paraboloid z = 22 + 32, and the field is zero below,
the magnetic field boundary condition requires that a surface current

Js = dz|z:w2+y2
= d(=® +y?)
= 2dz+2dy

flow on the paraboloid.

In asimilar manneywe canshaw thatthe electricfield satisfieshe boundarycondition
(Er — E»)|lp =0 (3.26)

This conditionrequireshatthe tangentiacomponenbdf the electricfield abose andbelon a boundarymustbe equal
attheboundary

Example 3.11. Electric field boundary condition

Is it possible for the magnetic field to be equal to dz for z > cosy and — dx for z < cosy? We
apply the electric field intensity boundary condition,

(EI_E2)|w:cosy = 2dcosy
= —2sinydy
£ 0

so that the boundary condition is not satisfied, and this field configuration cannot exist.

3.6.2 Flux Density
FromGausss law, it canbe shavn thatthe electricflux densitysatisfieshe boundarycondition
(D1 — Ds)|B = ps (3.27)

wherep; is a 2-form representinghe densityof electricsurfacechage on the boundary This 2-formis represented

graphicallyasboxeswhich aretheintersectiorof thetubesof D, — D, with theboundaryasin Fig. 3.9.If thetubes

of the magneticflux discontinuityare parallelto the boundarythenthe tubesdo not intersectandthe restrictionis

zero.Theleft—-handsideof Eq. (3.27)is thecomponenbf thejump in flux whichis normalto theboundary
Themagnetidlux densitysatisfieghe boundarycondition

(B1 —By)|lp=0 (3.28)
sothatthe normalcomponentsf the magnetidlux above andbelow a boundarymustbe equal.

Example 3.12. Electric Flux Density
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()

Figure3.9: (a) The2-form D; — D,. (b) The2-form p,, representetdy boxeson theboundary

An electric field of dz dx exists for z > z2 + y2, and below the paraboloid the field is zero. The
surface charge on the paraboloid is

ps = dzdr|,—z2iy
= d(z*+y*) A dz
= —2ydxdy
For y < 0, the tubes of electric flux are oriented away from the boundary and the surface charge

is positive, and for y > 0, the tubes point towards the boundary, and the surface charge is
negative.

We collectall of theboundaryconditionsfor reference:

(B1—E)lp = 0
(Hi—Ho)lp = Js
(D1 —=Di)lp = ps
(Bi—Ba)lp = 0

Thefirsttwo involve thetangentiacomponenof thefield intensity andthe secondairinvolve thenormalcomponent
of flux density Theseconditionsaresimply corvenientrestatementsf Maxwell’s laws for fieldsataboundary
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3.7 Exercises

3.1 Leta =2+ yz b= 2?dr andb = yzdz A dz. () Findtheexterior derivativesda, db anddec.

3.2. Find theexterior derivative of —£= dz A dy A dz.

vV z3y
3.3. Find theexterior derivativesof (a) z — 22, (b) zdx + ydy + zdz and(c) zdy A dz +ydz A dz + zdzx A dy.

3.4. Find the exterior derivativesin sphericacoordinate®f theforms(a) f df, (b) 72 dr + sin ¢ df, (c) r cos 8 df d¢.

3.5. Find the exterior derivativesin cylindrical coordinate®f theforms(a) f dp, (b) p? d¢ + sin ¢ dz, (C) pz dp dz +
zpcospdpde.

3.6. Derive Ampereslaw in integral form from its pointform.

3.7. (a) Integratex dy in a counterclockwiselirectionover the pathformedby the edgesof a squarewith cornersat
(0,0), (0,2), (2,0), and(2, 2). (b) Integratethe exterior derivative of z dy overtheinterior of the samesquare.

3.8. Let theelectricfield intensitybe E = e/“t(z dz + y dy). Find themagnetidlux densityB.
3.9. Derive theboundaryconditionfor theelectricflux densityfrom Gausss law for the electricfield.

3.10. If themagnetidield intensityis 4 dx for z > x and—6 dz for z < z, find the surfacecurrenton the boundary
zZ=1x.

3.11. If the electricflux densityis dzdy for z > sinz and -3 dz for z < sinz, find the chage densityon the
boundaryz = sin z.



