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Chapter 1

ELECTROSTATICS

1.1 Introduction

1.1.1 Overview

Many applicationsof electricalengineeringrequireaknowledgeof thebehavior of voltagesandcurrentsin electronic
devicesandwithin conductors.In many othersituationsit is not enoughto understandthebehavior thevoltagesand
currentsin just theconductorsandothercomponents,but alsotheinfluenceof thevoltageandcurrentonsurrounding
materials. In physicsclasseswe learnthat electricandmagneticfields extendbeyond the electricalcarrierswithin
a device. In electricalandcomputerengineeringtheextensionof thefieldsbeyondelectronicdevicesandwirescan
have both beneficialanddeleteriouseffects. Without fields we would not have such modernconveniencesascell

Figure 1.1: Crosstalkbetweentwo telephonetransmissionlines.

phones,television, or even thesimplestcomputermemorychip. On theotherhand,unwantedfield interactionscan
causereversibleandirreversibledegradationin almostall typesof electricalengineeringsystems.A commonexample
of this typeof degradationis evidentwhenatelephonesignalononeline leaksoverto anadjacentline. Thisannoying
phenomenonis known ascross talk. Thediagramin Fig. 1.1shows thatthefield from oneline extendsinto theother.

In thischapterweexaminesomeof thebehavior of electricfieldsandelectricflux. Weusetheflat paneldisplayas
a motivatingexamplefor thisstudy. We havechosentheflat paneldisplayasanillustrativeexamplebecauseit shows
the ubiquitousnatureof electromagneticsin currenttechnology. Flat paneldisplaysare expectedto be the video
displaytechnologyof thefuturefor replacingthecurrentbulky screenson laptop,television,andotherapplications.

The mostcommonflat paneldisplaysarebasedon liquid crystaldisplay (LCD) technology. Fig. 1.2 shows a
representative cell of a flat panelLCD. Eachcell or pixel hasa liquid crystal materialsandwichedbetweentwo
transparentconductingplatesasshown in Fig. 1.2. The LCD eitherpasseslight or blocks light dependingon the
voltagedifferencebetweenthe two plates.The differencein voltageaffectsthe liquid crystalmaterialby meansof
the electricfield generatedbetweenthe two plates. Eachof the liquid crystalcells representsoneof the morethan
50,000individualpictureelementsor pixels onthescreen.Eachcell is similar to theparallelplatecapacitorstudiedin
fundamentalphysicscourses.Theparallelplatestructureis usedthroughoutthissectionasa basisfor ourdescription
of electricfieldsandelectricfluxes.
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4 CHAPTER1. ELECTROSTATICS

Cell

Figure 1.2: A cell in a flat panelLCD display.

Traditionally electricalengineersdescribeelectric fields in termsof vectors. Although vector descriptionsof
electromagneticprinciplesarevaluablebecausemostengineeringstudentsarealreadyfamiliarwith themandbecause
they provide insightsinto someof thephysicalpropertiesof fields,vectordescriptionsof fieldsaresomewhatlimited
in presentinga completevisualdescriptionof fields. This chapterintroducesdifferentialformsasa powerful tool for
describingandanalyzingelectricfields. Given that this is likely thereader’s first exposureto differentialforms, the
principlesof differentialformsarediscussedin detailasthey areintroduced.For bothcomparisonandcompleteness
electromagneticfieldsarerepresentedin termsof vectorsalso.

We introducedifferentialformsbecausethey provideapowerful andconcisemathematicalframework for electro-
magnetics.Differentialformsmakeacleardistinctionbetweenelectricflux andelectricfield. They makeit simplerto
derive theoremsandto make coordinatetransformationsin electromagnetics.However, probablythemostimportant
advantageof differentialformsat theundergraduatelevel is thatthey offer auniqueandcleargeometricdescriptionof
electromagneticsnot possibleusingvectorsalone.Thevisual representationsthataccompany formsarelikely to re-
mainin themindsof studentswhetheror not they goonto specializein electromagneticsor oneof its sub-disciplines.
Theseadvantagesmake theadditionaleffort in learningformsworthwhile. Also, studentsusuallyfind it fun to learn
differentialformsbecauseformsareelegantandsimpleto manipulate.

1.1.2 Parallel conducting plates

In this sectionwe focusour attentionon the electricfields associatedwith parallelconductingplates. In the other
chaptersweshallseethatparallelplatetransmissionlinesareoftenusedto describeavarietyof importantwaveguide
types.Figure1.3showsa generaldescriptionof parallelconductingplates,theparallelplatecapacitor.

V

Figure 1.3: A parallelplatecapacitor

In this representationwe usuallyconsidertheseparationdistanceof theplatesto belessthanone-tenththelength
of theconductors.Thismeansthatthefieldsbetweentheplateswill notbeverydifferentfrom how they wouldappear
if theplateswereinfinite in extent.Weassumethatapotentialof 5 volts is appliedto thetopconductingplate,thatthe
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Figure 1.4: Thepotentialbetweenplatesof aparallelplatecapacitor

lower plateis groundedandthatthetwo platesareseparatedby 1 mm. For now we assumethematerialbetweenthe
two platesis uniform. We noticethatthevoltage(electricpotential)changeswith positionfrom thetop to thebottom
plate.Our first importantquestionis: “What is thepotentialdistribution betweenthetwo plates?”It is reasonableto
assumethatthepotentialvariesfrom 5 voltsat thetopplateto 0 voltsat thebottomplatein alinearfashionbecausethe
materialbetweentheplatesis thesamethroughout.We canthink of planesof constantvoltagebetweentheplatesas
shown in Fig. 1.4.Theseplanesrepresentthechangein potentialfrom thetopplateto thebottomplate.If onefollows
a pathfrom thetopplateto thebottomplate,countingtheplanescrossedalongtheway, thenumberof planespierced
by thepathis proportionalto thevoltagedifferencebetweenthetwo conductingplates.Theconstantof proportionality
is theelectricfield strengthin voltsperplane.We canexpressthissumin termsof anintegralas����� top

bottom ���	��

�
Thequantity ������
 undertheintegral signis a differentialform. It is calleda 1-form becauseit hasa singlevariable
of integration.Thedifferentialform is calledtheelectricfield 1-form. In this expression,������
 is a measureof how
muchthepotentialchangesperunit distanceandhasunitsof V/m. In this case��� �����������

V/m. Theplanesin
Fig. 1.4 area convenientgeometricalrepresentationof theelectricfield 1-form. Thespacingof theplanesindicates
thestrengthof thefield; thehigherthefield themorecloselyspacedtheplanes.

In threedimensionalspacefour degreesof forms exist, 0, 1, 2, and3-forms. Eachof theseforms hasseveral
importantexamplesin electromagnetics.Theseforms areusedandexplainedin detail asneededin later sections
andchapters.For theparallelplateconfigurationtheelectricfield only hassurfacesperpendicularto the 
 direction.
Similarly, the1-formsurfacescouldbeperpendicularto the � -axisor � -axisandwould thenbewritten in termsof dy
or dz, respectively. In thegeneralcasea 1-form is a linearcombinationof thesedifferentials,sothesurfacesmaybe
skew to thecoordinateaxesandcurvedasshown in Fig. 1.5.

In the differentialforms modelof parallelconductingplates,not only doesa voltageexist on the plates,but an
electricfield, representedby forms,existsbetweentheplates.This is theequipotentialrepresentationof thefield, or
theenergy picture. Understandingof fieldsis alsoenhancedif onelooksat theelectricfield betweentheplatesfrom
thepointof view of whathappensto smallchargedbodyplacedin betweenthetwo plates.

Considerthe potentialdifferencecreatedbetweenthe parallel platesas connectedto the voltagesource. The
voltagesourcedraws electronsaway from the top conductingplate leaving excesspositive chargeson its surface.
Likewisethebottomconductingplatehasnegative chargeson its surface.A positive testchargeplacedbetweenthe
platesis attractedto thenegativeplateasshown in Fig. 1.6. This forceof attractionis proportionalto thestrengthof
theelectricfield betweentheplates,is in thedirectionof theelectricfield, andis known astheLorentzforce. When
usingtheforce picture of electricfieldsit is usuallymostconvenientto usevectorsin placeof forms.Theelectricfield
vectoris shown in thefigure. Its lengthrepresentsthestrengthof theelectricfield andits directionis indicatedby the
arrow. UsingvectornotationtheLorentzforcelaw is expressedas����� �

(Lorentzforcelaw, nomagneticfields)

where
�

is thecharge,
�

is theforcevector, and
�

is theelectricfield vector.
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Figure 1.5: A general1-formwith surfacesthatcurve in space.
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Figure 1.6: A testchargeexperiencesa forcedueto anelectricfield.

Electricchargeplaysanimportantrole in thedescriptionof fieldsusingdifferentialforms.Fromphysicsweknow
thatwith everypositivechargethereis anassociatednegativecharge.We canview thisassociationasatubethatlinks
or connectsa positivechargeto a negativechargethroughinterveningmaterial.

For the parallel plate examplethesetubesare shown connectingpositive chargeson the top plate to negative
chargeson thebottomplate.Thetubesshown in Fig. 1.7arethegeometricalrepresentationof a 2-form. The2-forms
shown canbeexpressedas ! � � � � � . This is a 2-formbecauseit hastwo differentialelements.Noticethateachtube
containsa specifiedamountof charge. Thechargethatexistson theplatesof thecapacitorcanbefoundby counting
theflux tubesjoining thetop andbottomplates.Mathematicallythis countingis equivalentto integratingthe2-form
tubesover thesurfaceareabetweentheplatesof thecapacitor:" ���

area

! �#� � � � �
In this representationwe seethat ! �	� � � � is thechargeper tube,so that ! � representstheconcentrationof charge
perunit area.

From the discussionof the graphicalrepresentationof 1-formsit is apparentthat the 2-form is composedof a
1-formperpendicularto the � -directionandanotherperpendicularto the � –direction.Theconnectionbetweencharges
representedby tubesis calledtheelectricflux density. Flux meansflow, andalthoughnophysicalparticlesflow from
oneplateto theotherwecanthink of astreamof influenceflowing from oneplateto theotherasonechargeconnects
throughspaceto its equalandoppositecounterpart.The coefficientsof a 2-form give the spacingof the tubes,the
larger thecoefficientsare,the moredenselypacked the tubesbecome.An arbitrary2-form hascoefficientsthat are
functionsof positionandtheassociatedtubesmaycurveanddivergeandconvergeatvariouspointsin space.

From the exampleof the parallel conductingplatesit is clear that thereis a physicalconnectionbetweenthe
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Figure 1.7: Tubesof flux in aparallelplatecapacitor

electricfield andtheelectricflux density. We canmake geometricandalgebraicconnectionsbetweenfield andflux
usingdifferentialforms. Examinationof the geometryof electricfields andfluxesshows that the � 1-form planes
arecomposedof theplanesthataremutuallyperpendicularto bothof theplanesthatcomprisethe ! 2-form tubesas
shown in Fig. 1.7. In termsof thealgebraof forms we requireanoperatorthatcreatesa 1-form from a 2-form and
viceversa.Thisoperatoris discussedin Sec.1.5.

Figure 1.8: Energy densityboxesformedby intersectionof electricfield intensitysurfacesandflux densitytubes.

To now, wehaveshown thattheelectricfield mayberepresentas1-formplanesandthattheflux is representedby
2-formtubes.Now let usseewhatif anythingcanbemadeof theboxesformedby combiningthefield planesandthe
flux tubesasshown in Fig. 1.8.To find outwhatthoseboxesrepresentweexpressthecombinationalgebraicallyas$%���

vol

! �����	��
&� � � �
Thecombinationof the1-form electricfield andthe2-form magneticflux createsan3-form entity undertheintegral
sign.Multiplying thedimensionalunitsof ! and � gives

C
m' � V

m
� J

m
� �

Hencethevolumeintegralof thefield multipliedby theflux is thetotalenergy storedin aregionof spaceby thefields
presentin theregion. The3-formquantityundertheintegralsignis theenergy containedin a cube.

This descriptionof energy densityhelpsus understandwhy the refreshrate on a flat paneldisplay is limited.
Recall that the individual pictureelements(pixels) of a flat paneldisplayare illuminatedor not dependingon the
voltagethatis appliedto them.To switchfrom oneview to anotherrequiresthatthepixelsbechangedabout30 times
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each( secondto preventtheeye from seeinga flicker. Thismeansthattime is requiredto moveenergy to andfrom the
regionbetweentheplatesto switchfrom theoff stateto theonstateandany energy storedbetweentheplatesmustbe
removedduringtheprocessof switchingfrom theonstateto theoff state.Energy transferin timeis definedaspower.
Therefore,switchingstatesin a finite amountof timerequirespowerandtakestime.

In anotherview of this we canconsiderthecapacitanceof thesystemandcalculatethe time requiredto change
statesby usingtheRC time constantof thecircuit. It is interestingto notethatwe cancalculatethecapacitancefrom
theelectricfield andtheelectricflux. Thefundamentaldefinitionof capacitanceis theamountof chargestoredgiven
a separationvoltage.Thecapacitanceof a singlecubedefinedby theintersectionof thetubesof ! with theplanesof� is simply thequotient,! ��)*��� C/V or Farads.

Theexamplesgiven in this sectionhave introducedphysicaldescriptionsof both electricfield andelectricflux.
Althoughtheseexamplesaresimplethey presenta usefulfoundationuponwhich systemswith greatermathematical
andphysicalcomplexity canbebuilt. Thefollowing sectionsof thischaptershow how to usetheseconceptsin amore
generalsetting.

1.2 1-forms

Thegraphicalrepresentationsdescribedin theintroductionareusefulin gainingintuitiveunderstandingof thebehavior
of electromagneticfields. In order to work analyticallywith the laws which govern the fields, we mustdevelop a
mathematicalstructureto accompany thegraphicalrepresentationsof theprevioussection.

As we saw in the previoussection,electricfield intensityrepresentspotentialchangewith distance.In orderto
find thetotal potentialdifferencebetweentwo points,we needto integratetheelectricfield alonga pathbetweenthe
points.Graphically, thismeansthatwecountelectricfield intensitysurfaces.Mathematically, wemustperformapath
integral. Quantitieswhichareintegratedoverpathsarecalled1-forms.

In theintroduction,wediscussedtheexampleof a1-formwhichrepresentedvariationof afield in the 
 –direction.
In general,a 1-form canrepresentvariationin any direction,andcanbea combinationof differentialsof all of the
coordinates.An arbitrary1-formcanbewritten+ � +-,

��
/.
+ ' � � .

+ � � � � (1.1)

Thethreequantities

+ ,
,

+ ' , and

+ � arethecomponents of the1-form. Two 1-forms

+
and 0 canbeadded,sothat+

. 0 ��1 +2,
. 0 ,43

��
5. 1 + ' . 0 ' 3 � � . 1 + � . 0 � 3 � � � (1.2)

1-formscanbe integratedover paths. As shown in the introduction,we graphicallyrepresenta 1-form assurfaces.
The1-form ��
 hassurfacesperpendicularto the 
 –axisspacedaunit distanceapart.Thesesurfacesareinfinite in the� and � directions.Theintegralof ��
 overa pathfrom thepoint

16�879�879� 3
to

16:;79�87<� 3
is�>=? ��
 ��: �

This matchesthegraphicalrepresentationin Fig. 1.9a,sincethepathshown in thefigurecrossesfour surfaces.If the
pathwerenot of integerlength,we would have to imaginefractionalsurfacesin betweentheunit spacedsurfaces.A
pathfrom

1@�87<�;7<� 3
to

1 �BA �87<�;7<�
3
, for example,crosses� A � surfaces.

We canalsothink of ��
 asa 1-form in theplane.In this case,thepicturebecomesa seriesof linesperpendicular
to the 
 –axisspaceda unit distanceapart,asshown in Fig. 1.9b. Graphically, integralsin the planearesimilar to
integralsin threedimensions:thevalueof a pathintegral is thenumberof linespiercedby thepath.

In orderto graphicallyintegratea 1-form properly, we alsohave to think of thesurfacesashaving anorientation.
The integral of the1-form C ��
 over a pathfrom

16�879�879� 3
to

16:;79�87<� 3
is C :

. Thus,whenwe countsurfacespierced
by a path,we have to comparethesignof the1-form with thedirectionof thepathin orderto determinewhetherthe
surfacecontributespositively or negatively. Theorientationof surfacescanbeindicatedusinganarrowheadon each
surface,but sincetheorientationis usuallyclearfrom context, to reduceclutterwedonot indicateit in figures.

A morecomplicated1-form,suchas D ��
E. � � � , hassurfacesthatareobliqueto thecoordinateaxes.This1-form
is shown in Fig. 1.10. Thegreaterthemagnitudeof thecomponentsof a 1-form, thecloserthesurfacesarespaced.
For 1-formswith componentsthatarenot constant,thesesurfacescanbecurved,asshown in Fig. 1.5. Thesurfaces
canalsooriginatealonga line or curve andextendaway to infinity, or the surfacesmay be finite. In this case,the
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Figure 1.9: (a) The1-form ��
 integratedover a pathfrom thepoint
16�;7<�;7<� 3

to
1F:;79�879� 3

. (b) The1-form ��
 in the
plane.

y

x

Figure 1.10: The1-form D ��
G. � � � .

integral over a pathis still thenumberof surfacesor fractionalsurfacespiercedby the path. Some1-formsaretoo
complicatedto bedrawn assurfacesin threedimensions(we will give a conditionfor this later),but any 1-form can
bedrawn in theplane.

A 1-formrepresentsaquantitywhichis integratedoverapath.A vectorrepresentsaquantitywith amagnitudeand
direction,suchasdisplacementor velocity. Despitethis difference,both typesof quantitieshave threeindependent
components,andcanbeusedinterchangeablyin describingelectromagneticfield quantities.Mathematically, vectors
anddifferentialformsarecloselyrelated.In euclideancoordinates,we canmake a correspondencebetweenvectors
andforms.The1-form

+
andthevector H areequivalentif they have thesamecomponents:+ ,

��
/.
+ ' � � .

+ � � �GI + ,8JK .
+ ' JL .

+ � JM � (1.3)

Wesaythatthe1-form

+
andthevector H aredual. Sinceit is easyto convertbetweenthedifferentialform andvector

representations,onecanchoosethequantitywhichbestsuitsaparticularproblem.We will seein thenext sectionthat
in coordinatesystemsothertheneuclidean,theduality relationshipbetweenformsandvectorschanges.

1.2.1 Curvilinear Coordinates

Many electromagneticsproblemshavesometypeof inherentsymmetry. In solvingproblems,it is convenienttochoose
a coordinatesystemwhich reflectsthatsymmetry. For example,theequationwhich definesa cylinder in rectangular
coordinates,N 
 ' . �O' �QP

, becomesR �QP
in thecylindrical coordinatesystem,whereR is theradialdistancefrom

the � –axis.
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In general,in threedimensionsa coordinatesystemconsistsof threefunctionsS , T , and U which assignnumbers
to eachpoint of space.For convenience,we assumethat thedirectionsin which eachof thecoordinatesis changing
areperpendicular, sothatthecoordinatesystemis orthonormal.In sucha coordinatesystem,theunit differentialsare
written as V , � S , V ' � T , and V � � U . Thethethreefunctions V , , V ' , and V � aresuchthat the integral over any oneof
theunit differentialsover a pathof unit euclideanlengthin thedirectionof theparticularcoordinateis equalto one.
For example,if thelengthof thepathfrom

1@WX7ZY[7<P 3
to

1@W]\^7ZY[7<P 3
hasunit length,then��_a`4bdc efc gih_a`jc efc gih V , � S ��� �

Theseunit differentialscorrespondto basisvectorsaccordingto therelationshipsV , � S I JkV ' � T I JlV � � U I Jm �
In thissection,wegivethefunctionsV , , V ' , and V � for two of themostcommoncurvilinearcoordinatesystems.

y

z

x

Figure 1.11: Thesurfacesof unitdifferentialsin generalorthonormalcurvilinearcoordinatesarealwaysaunit distance
apart.

Cylindrical Coordinates

In the cylindrical coordinatesystem,a point in spaceis specifiedby the radial distanceof its 
 7 � coordinatesR �N 
 ' . �O' , anglefrom the .n
 axis in the 
 –� plane o , andheight in the � direction(Fig. 1.12). Thus,a point is
written 1 R 7 o 7 � 3 (1.4)

in cylindrical coordinates.
Thedifferentialsof thecylindrical coordinatesystemare � R , � o and � � . To convert formsinto unit vectors,the

angulardifferential � o mustbemadeinto a unit differential R � o . 1-formscorrespondto vectorsby therules� R I JRR � o I Jo� � I JM
Figure1.13shows thepicturesof thedifferentialsof thecylindrical coordinatesystem.The2-formscanbeobtained
by superimposingthesesurfaces.Tubesof � �qp � R , for example,aresquaredonut–shapedandpoint in the o direction.

Spherical Coordinates

In thesphericalcoordinatesystem,apointin spaceisspecifiedby theradialdistancefromtheorigin r � N 
 ' . �O' . ��' ,
anglefrom the .n
 axisin the 
 –� plane o , andanglefrom the � axis s , asshown in Fig. 1.15.A point is written1 r 7 s 7 o 3 (1.5)



1.2. 1-FORMS 11

z

ρ
ϕ

x

z

y

Figure 1.12: Thecylindrical coordinatesystem.
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Figure 1.13: Surfacesof � R , � o scaledby D ) t and � � .

in thesecoordinates.
Thedifferentialsof the sphericalcoordinatesystemare � r , � s and � o . To convert forms into unit vectors,the

angulardifferentialsmustbe madeinto unit differentialsr � s and rvu<waxys � o . 1-formscorrespondto vectorsby the
rules

� rzI J{r � s I Jsr#u<w|xys � o I Jo
Fig. 1.16shows thepicturesof thedifferentialsof thesphericalcoordinatesystem.

1.2.2 Integrating 1-forms over paths

Thelawsof electromagneticsareexpressedin termsof integralsof fieldsrepresentedby differentialforms.In orderto
applythelawsof electromagnetics,wemustthereforebeableto computethevaluesof integralsof differentialforms.
Since1-formsareby definitionmathematicalquantitieswhich areintegratedover paths,theprocessof evaluatingan
integral of a 1-form is very natural. The key ideais that we canreplacethe coordinates
 , � , and � (or S , T , U in
curvilinearcoordinates),with anequationfor apathin termsof a parameter. Theparameterof apathis oftendenoted
by } .
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Figure 1.14: Unit differentialsin cylindrical coordinatesrepresentedasfacesof a differentialvolume.
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Figure 1.15: Thesphericalcoordinatesystem.

In general,a pathis written in theform (f(t), g(t), h(t)), sothatthefunctions ~ , � , and V give thecoordinatesof a
point on thepathfor eachvalueof } . We replacethecoordinatesin a 1-form by thesefunctions,andthentheintegral
canbeevaluated.For a differential,whenthecoordinateis replacedby a functiondefiningthepath,we thentake the
derivative by } to producea new differentialin the variable } . For example, ��
 becomes� ~ � ~ \^1 } 3 � } , wherethe
primedenotesthederivativeof thefunction ~ 1 } 3 by } (thisoperationis a specialcaseof theexterior derivative, which
will be discussedin a laterchapter).Thedifferentialform now hasa singledifferential, � } , andthe integral canbe
performedusingstandardrulesof calculus.

Example 1.1. Integrating a 1-form over a path in rectangular coordinates

Consider the 1-form � � A#��
5. D 
n� � and a path � which lies along the curve � � 
 ' from the
point

1@�87<� 3
to

1f��7�� 3
. We wish to find ��� � � (1.6)

We parameterize the path in the variable } , so that the path becomes
1 
 � } 7 � � } ' 3 , with }

ranging from zero to one. We then substitute these values for 
 and � into the integral,�8� � 1 
 7 �
3 � � ,

? � 1 } 7 } ' 3
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Figure 1.16: Surfacesof � r , � s scaledby
�j� )[t and � o scaledby D )[t .
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Figure 1.17: Unit differentialsin sphericalcoordinatesrepresentedasfacesof a differentialvolume.� � ,
? 1 A#� } . D�} � 1 } '

3f3
� � ,

? 1 A�.�� } '
3
� }� : �

Example 1.2. Integrating a 1-form over a path in cylindrical coordinates

Supposewe want to integratethe1-form ��
 over the unit circle in the 
 - � plane. We want to changevariables
from 
 to o , sothatweparameterizetheunit circleas

1@�4� uXo 7 ufwax&o 7<� 3 . Theintegral is�O� ��
 � � '9�? � �4� u;o� C � '<�? u<w|x&o � o
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We could have guessedthe result by noting that eachsurfaceof ��
 piercedby the path in the positive direction
(suchthattheorientationof thesurfaceis thesameasthecounterclockwisedirectionof integrationalongthepath)is
canceledwhenthepathpiercesthesamesurfacein thenegativedirection.

1.3 2-forms, 3-forms, and the Exterior Product

As we showedin the introductionto this chapter, a 2-form is a quantitywhich is integratedover a two–dimensional
surface.Thequantityrepresentingflow of afluid, for example,hasunitsof flow rateperarea,andwouldbeintegrated
over a surfaceto find the total flow rate throughthe surface. Similarly, the integral of electricflux densityover a
surfaceis thetotalflux throughthesurface,whichhasunitsof charge.A general2-form � is writtenas� � � , � �-p � � . � ' � �&p ��
/. � � ��
 p � � � (1.7)

The wedgebetweendifferentialsis known asthe exterior product. This productallows oneto combine1-formsto
producedifferentialformsof higherdegree.The2-form � ��p � � , for example,is theexteriorproductof the1-forms� � and � � . Theexterior producthastheimportantpropertythat if two differentialsareinterchanged,thesignof the
productchanges.In otherwords,theexteriorproductof 1-formsis antisymmetric.For example, � ��p � � � C � ��p � � .
Using this property, it is easilyseenthat the wedgeproductof two like differentialsis zero: ��
 p ��
 ���

. For
convenience,we usuallyusetheantisymmetryof theexterior productto put differentialsof 2-formsinto right cyclic
order, asin Eq.(1.7).

Two 1-forms � and ! canbeadded,sothatif � and ! are2-forms,their sumis� . ! ��1 � , . ! ,43
� �-p � � . 1 � ' . ! ' 3 � �&p ��
/. 1 � � . ! � 3 ��
 p � � � (1.8)

Like 1-forms,2-formshave threeindependentcomponents,anda correspondencebetween2-formsandvectorscan
be made. A 2-form with differentialsin right cyclic ordercanbe convertedin euclideancoordinatesto a vectoras
follows: � , � �2p � � . � ' � �&p ��
/. � � ��
 p � � � I�� , JK . � ' JL . � � JM � (1.9)

The2-form � is saidto bedualto thevector � .

Example 1.3. Exterior product of 1-forms.

Let

+ � D ��
G.�� � and 0 � A#��
G. D � � . Then+ p�0 � 1 D ��
5.�� �
3 p 1 A#��
5. D � �

3� �	��
 p ��
/.��	��
 p � � .�A#� �np ��
5. D � �2p � �� �	��
 p � �GC A#��
 p � �� � ��
 p � � �
This 2-form is dual to the cross product

1 D JK .
JL 3 ��1 A

JK . D JL 3 .
Example 1.4. Exterior product of a 1-form and a 2-form.

Let

+ � D ��
G.�� � and 0 � A#� � � � . D � � ��
 . Then+ p�0 � 1 D ��
/.�� �
3 p 1 A	� �-p � � . D � ��p ��


3� �	��
 p � �2p � � . D � �-p � �&p ��
� �	��
 p � �2p � � �
The result is a 3-form. The coefficient of this 3-form is equal to the dot product

1 D JK .
JL 3 � 1 A

JK . D JL 3 .
We will discuss 3-forms in greater detail below.
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(a)
x

z

y

Figure 1.18: The2-form ��
 p � � integratedovera squarein the 
 –� planeof side A
2-formsareintegratedoverareas,or two–dimensionalregionsof space.Whena2-formappearsunderanintegral,

weoftendropthewedgesfor conciseness:���? ���? ��
 p � ��� ���? ���? ��
n� � � (1.10)

2-formsaregraphicallyrepresentedastubes.Thepictureof ��
 p � � consistsof thesurfacesof ��
 superimposedwith
thesurfacesof � � . Thesetsof surfacesintersectto form tubesin the � direction.Theintegralof a2-formoveranarea
is thenumberof tubescrossingthearea.For ��
 p � � , theintegral over a squarein the 
 –� planeof side A is 4, and
asshown in in Fig. 1.18,ninetubescrossthis square.Thegreaterthecomponentsof a 2-form arein magnitude,the
smallerandmoredensearethetubesof the2-form.

As with 1-forms,the tubesof a 2-form have an orientation. The tubesof ��
 p � � , for example,areoriented
in the . � direction,whereasthe tubesof � �Gp ��
 areorientedin the C�� direction. Areasof integrationalsohave
anorientation,sincetheir aretwo possiblenormaldirectionsfor any area.The limits of a doubleintegral specifya
directionaroundtheperimeter, andtheright–handrule appliedto this directionspecifiestheorientationof thearea.
Whenintegratinggraphically, we comparetheorientationof eachtubewith theorientationof theareaof integration,
andthetubecountspositively if theorientationsarethesame,andnegatively otherwise.

1.3.1 2-forms in Curvilinear Coordinates

In generalcurvilinearcoordinates,theunit differentialfor 2-formsare V ' V � � T � U , V � V , � U � S , and V , V ' � S � T . If
the2-form V ' V � � T � U is integratedover a surfacewhich lies in the T - U plane,thenthefactor V ' V � is suchthat the
valueof theintegral is equalto theareaof thesurface.Theunit differentialsaredualto theunit vectors

Jk ,

Jl , and

Jm .
In thecylindrical coordinatesystem,2-formsandvectorsarerelatedbyR � oGp � � I JR� �np � R I Jo� R2p�R � o I JM

The2-form � R � o , for example,is dualto thevector
1f� ) R

3 JM .
In thesphericalcoordinatesystem,2-formsandvectorsarerelatedbyr � s&p�r#u<w|xys � o I J{r�u<waxys � o/p � r I Js� r�p�r � s I Jo

The2-form � s � o , for example,is dualto thevector

J{ ) 1 r ' ufwaxys 3 .
Example 1.5. Integrating a 2-form using spherical coordinates
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Suppose we want to integrate the 2-form � � � � over the hemisphere with 
 � �
and radius

W
centered at the origin.

1.3.2 3-forms

With the exterior product,we cancombinethree1-forms,or a 1-form anda 2-form, to obtaina 3-form. 3-forms
representdensities,suchasthedensityof electricfield energy shown in theintroduction.Usingtheantisymmetryof
theexteriorproduct,wecanalwaysordertheproductof all threedifferentialsin right cyclic order, ��
 p � ��p � � . Any
3-formcanbewrittenas � ��
 p � �2p � � (1.11)

where
�

is the coefficient of the 3-form. Notice that 3-formsaredifferentfrom 1-formsand2-forms,sincethereis
only onecomponent,ratherthanthree.

y

x

z

Figure 1.19: The3-form ��
 p � �&p � � integratedoveracubicregionof sidetwo is eight,sincethereareeightboxes
insidetheregion.

3-formsrepresentdensities,andareintegratedovervolumes,or three–dimensionalregionsof space.Thegraphical
representationis boxes.Thepictureof the3-form ��
 p � �-p � � consistsof thesurfacesof the1-forms ��
 , � � , and� � superimposed.Thesesetsof surfacesintersectto producecubesof unit sidewhich fill all space.Theintegral of
this3-formoverany volumeis thenumberof boxesinsidethevolume.Theintegral� '? � '? � '? ��
&� � � � � ¡
is graphicallyrepresentedin Fig. 1.19.(Notethatwehavedroppedthewedgesin writing theintegralof this3-form).
Eachbox of a 3-formhasa signassociatedwith it. Theintegralof C ��
 p � �-p � � overa cubeof sidetwo is C ¡

, for
example,so thateachbox of this 3-form contributesminusoneto thevalueof the integral insteadof oneaswasthe
casefor ��
 p � �-p � � .

In general,thecoefficient of a 3-form is not constant.In this case,theboxesassociatedwith the3-form canbe
smalleror largerthanthoseof ��
 p � �&p � � . Thegreaterthecoefficient,thesmallerandmorecloselypackedarethe
boxes.This reflectsthefactthattheintegralof a 3-formwith a greatercoefficientshouldyield a largevalue.

In curvlinearcoordinates,the 3-form ��
n� � � � becomesV , V ' V � � S � T � U . The integral of this 3-form over
any threedimensionalregion is equalto the volumeof the region. In cylindrical coordinates,this 3-form becomesR � R � o � � , andin sphericalcoordinates,r ' u<waxys � r � s � o .
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1.4 Gauss’s Law for the Electric Field

1.4.1 Electric Flux Density

As wesaw in theintroduction,theelectricflux densityis representedby a 2-form,which in generalhastheform! � ! ,
� � � � . ! ' � � ��
/. ! � ��
&� � � (1.12)

Thecoefficientsof ! haveunitsC/m' , and ! hasunitsof ! , which is theunit of electriccharge.Thetubesof ! rep-
resentflux extendingfrom positivechargesto negativecharges,or from achargeto infinity. Whentheelectromagnetic
field changesin time,aswewill seein thefollowing chaptertheflux tubescanalsoform closedloops.

1.4.2 Gauss’s Law

Gauss’s law for theelectricfield is writtenas ¢O£ ! ���8¤ R (1.13)

whereR is a3-formrepresentingthevolumedensityof electriccharge(donotconfusetheelectricchargedensitywith
theradialcoordinatein thecylindrical coordinatesystem!).Eachboxof the3-form R represents1 Coulombof charge.¥

is known astheGaussiansurface.This surfaceis not physical,but is a mathematicalconstructionusedto evaluate
Gauss’s law. Theregion

�
is theinteriorof theGaussiansurface

¥
.

Figure 1.20: A graphicalrepresentationof Gauss’s law for theelectricflux density:cubesof R producetubesof ! . In
general,thetubesof ! will extendout in all directionsfrom thecubesof R .

Gauss’s law statesthatfor any Gaussiansurface,thedifferencebetweenthenumberof tubesgoinginto theGaus-
siansurfaceandthenumberof tubesgoingout mustbeequalto thenumberof boxesof chargeinsidetheGaussian
surface. As a consequence,tubesof electricflux begin at positive chargesor endat negative charges. As shown in
Fig. 1.20,oneCoulombof chargeproducespreciselyonetubeof electricflux. Thetubesmayalsoextendto infinity
or form closedloops,but wherethey endor begin, chargerepresentedby R mustbepresent.

1.4.3 Examples

In this sectionwe will find theelectricflux dueto a point charge,a line chargeanda planechargeusingGauss’s law
for the electricfield. Our goal for eachcaseis to find a 2-form that integratesover any closedsurfaceto yield the
amountof chargecontainedin thesurface.

We first usethe symmetryof the sourceto guessthe directionof the tubesof flux emanatingfrom the charges.
This tellsuswhichdifferentialsappearin theelectricflux density2-form ! . Onceweknow thedirectionof thetubes,
all weneedto find is theconstantthatmultipliesthedifferentialsin ! .

We thenpick a convenientGaussiansurfaceto usein applyingGauss’s law. Sincetheintegralof theflux over the
surfacemustequaltheamountof chargeinsidethesurface,wecanfind theconstantin ! , andtheproblemis solved.
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P
¦

oint Charge

Thetubesof flux from apoint charge
"

extendout radially from thecharge(Fig. 1.21).Thus,theflux density2-form! hasto bea multiple of thedifferentials � s � o in thesphericalcoordinatesystem.The tubesof � s � o aredenser
nearthepoles s �§�

and s � t thanat theequator. We needto includethecorrectionfactorsr ' u<waxys to have tubes
with thesamedensityeverywherein space.Thus, ! hastheform! ? r ' u<waxys � s � o (1.14)

where! ? is someconstantweneedto find.

Figure 1.21: Electricflux densitydueto a pointcharge.Tubesof ! extendout radially from thecharge.

To applyGausslaw ¨ £ ! �ª© ¤ R , weneedto chooseaGaussiansurface
¥

. Wechooseaspherearoundthecharge,
sincethismakestheintegrationeasy. Theright-handsideis�;¤ R � "

(1.15)

where
�

is thevolumeinsidethesphere.Theleft-handsideis� £ ! � � '9�? � �? ! ? r ' u<w|xys � s � o� : t r ' ! ? �
By Gauss’s law, weknow that

: t r ' ! ? � "
. Solvingfor ! ? andsubstitutinginto (1.14),weobtain! � ": t ufwax«s � s � o (1.16)

for theelectricflux densitydueto thepoint charge. Note that
: t is the total amountof solid anglefor a sphereandu<w|xys � s � o is thedifferentialelementof solid angle,sothis expressionsimply statesthattheamountof flux persolid

angleis thesamefor any distancefrom thecharge.

Line Charge

For a line chargewith chargedensityR]¬ C/m,thetubesof flux extendoutradially from theline, asshown in Fig. 1.22.
Thesearetubesin � o � � in thecylindrical coordinatesystem.In orderto startwith standardtubesof thesamedensity
everywherein space,weadda factor R , sothat ! hastheform! � ! ? R � o � � (1.17)

whereweneedto find ! ? .
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Figure 1.22: Electric flux densitydueto a line charge. Tubesof ! extendradially away from the vertical line of
charge.

ThemostconvenientGaussiansurfaceto usein applyingGauss’s law is acylinderof height
Y

centeredon theline
charge.Theright-handsideof Gauss’s law becomes� ¤ R � �­e? R]¬ � �� Y R ¬ �
Theleft-handsideis � £ ! � �­e? � '<�? ! ? R � o � �� A t Y R]! ? �
By Gauss’s law, weknow that A*t Y R�! ? � Y R ¬ . Solvingfor ! ? andsubstitutinginto (1.14),weobtain! � R�¬A*t � o � � (1.18)

for theelectricflux densitydueto theline charge.

Plane Charge

Thetubesof flux from a planechargewith density R�® C/m' extendout perpendicularto theplane(Fig. 1.23). If the
chargelieson the � –� plane,then ! is amultipleof ¯ ��
 � � � � � . For 
°� �

thetubespoint in the .n
 direction,and
for 
²± �

thetubespoint in the C 
 direction,sothat

! �´³µ ¶ ! ? � � � � 
²� �
C�! ? � � � � 
²± � (1.19)

wherewemustfind ! ? .
To apply Gauss’s law, we chooseasthe Gaussiansurfacethe facesof a cubewhich is centeredon the planeof

charge.Theright–handsideof Gauss’s law becomes�8¤ R � � `? � `? R�® � � � �� W ' RO®
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Figure 1.23: Electricflux densitydueto a planecharge.Tubesof ! extendaway from bothsidesof theplane.Only
a few of thetubesareshown.

where
W

is thelengthof thesidesof thecube.For theleft-handside,weonly needto integrateover thefront andback
sidesof thecube,sincenoneof thetubesof ! cut throughtheothersidesof thecube.� £ ! � �­`? ��`? ! ? � � � �EC �­`? � ?` ! ? � � � �� A W ' ! ?
wherewe have switchedthelimits on the C 
 faceof thecubebecauseits orientationis oppositethatof the .n
 face.
By Gauss’s law, weknow that A W ' ! ? ��W ' R�® . Solvingfor ! ? andsubstitutinginto (1.14),weobtain

! � ³µ ¶ ·¹¸' � � � � 
²� �
C ·¹¸' � � � � 
²± � (1.20)

for theelectricflux densitydueto theplanecharge.

1.5 Hodge Star Operator

Oneof themainpointsof thischapteris thatwhile theelectricfield is a singlephysicalquantity, weemploy different
mathematicalrepresentationsin orderto emphasizeandwork with differentaspectsof thefield. Sincetheelectricfield
intensity � andthe electricflux density ! representthe samefield, it is clearthat theremustbe somerelationship
between� and ! . This relationshipis expressedusingtheHodgestaroperator. Thestaroperatorworksby takinga
form andconvertingit to a new form with the“missing” differentials.Hereis how thestaroperatoractson 1-forms
and2-forms: ¯ ��
 � � � � � 7 ¯ � � � � � ��
¯ � � � � � ��
 7 ¯ � � ��
 � � �¯ � � � ��
2� � 7 ¯ ��
&� � � � �
Notethatthevectordualto a 1-form

W
is thesameasthevectordualto the2-form ¯ W . Also, thestaroperatorapplied

twice is theidentity, sothat ¯y¯n� � � for any form � .
Considerthe1-form ��
 . Thesurfacesof ��
 areperpendicularto the 
 direction.Applying thestaroperatorgives� � � � , whichhastubesin the 
 direction,sothatthesurfacesof ��
 areperpendicularto thetubesof ¯ ��
 . This is true

in general:thestaroperatoron 1-formsand2-formsalwaysmakessurfacesinto perpendiculartubesandtubesinto
perpendicularsurfaces.This is illustratedin Fig. 1.24.

Example 1.6. The Star Operator applied to a 1-form.
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Figure 1.24: Thestaroperatortakes1-formsurfacesandmakestheminto perpendicular2-formtubes.

If � � D ��
G. � � � , then ¯ � � Dº¯ ��
/. � ¯ � �� D � � � � . � � � ��

�
Note that ¯ 1 D � � � � . � � � ��


3 � D ��
G. � � � .

In curvilinearcoordinates,differentialsmustbeconvertedto unit differentialsbeforethestaroperatoris applied.
Thestaroperatorin cylindrical coordinatesactsasfollows:¯ � R � R � o/p � �¯ºR � o � � �&p � R¯ � � � � Rnp�R � o
sothat R mustbeincludedwith � o beforethestaroperatorcanbeappliedto make it a 2-formwith unit differentials.
Also, ¯ ��� R � R � o � � . As with the rectangularcoordinatesystem,̄�¯ �»�

, so that this sametablecanbe usedto
convert2-formsto 1-forms.

As in thecylindrical coordinatesystem,differentialsof thesphericalcoordinatesystemmustbeconvertedto length
elementsbeforethestaroperatoris applied.Thestaroperatoractson1-formsand2-formsasfollows:¯ � r � r � s&p�r�u<waxys � o¯ºr � s � rvu<w|xys � o/p � r¯ºr�ufwax«s � o � � ryp�r � s
Again, ¯�¯ �¼�

, so that this tablecanbe usedto convert 2-forms to 1-forms. The staroperatorappliedto one isr ' u<w|xys � r � s � o .

1.6 Electric Field Constitutive Relation

As notedin the introductionto this chapterandin theprevioussection,theelectricfield intensity1-form � andthe
electricflux density! aretwo differentrepresentationsof thesamephysicalquantity. Themathematicalrelationship
between� and ! is known asaconstitutiverelation.Theconstitutiverelationis writtenusingtheHodgestaroperator
as ! �¾½ ? ¯ �
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where¿ ½
is a constantknown asthepermittivity of a medium. In a vacuum,

½ ? �À¡ � ¡��*:������8Á , ' F/m
�
. Theelectric

chargesin materialsinteractwith electricfields in anextremelycomplicatedmanner, but aswill be discussedlater,
theaverageeffectof theseinteractionscanoftenbemodelledby changingthevalueof thepermittivity. Thisequation
shows that surfacesof � yield perpendiculartubesof ! (seeFig. 1.24). The constantscalesthe sizesof the tubes
withoutchangingtheirdirection.

1.7 Electric Field Energy

An electricfield containsacertainamountof potentialenergy storedin thespacein whichthefield exists.Thisenergy
is representedby a 3-form,andtheboxesof this 3-form areproducedby theunionof electricfield intensitysurfaces
andflux densitytubes.Theelectricfield energy density3-formisU�Â � �A � p�! (1.21)

wherethe factorof
� )*A arisesfrom theway theelectricfield hasbeendefined. (If two chargesareneareachother,

storedpotentialenergy canbeconvertedto kinetic energy by allowing onechargeto accelerateaway. Theenergy of
thefield dueto thesecondchargeremainsbut cannotbeextracted,soweexcludeit from thedefinitionof U Â .)
1.7.1 Capacitance

Two nearbyconductorsthatareoppositelychargedallow energy to bestoredin theelectricfield betweenthem. The
energy storedin thefield canbeincreasedor decreasedby addingor takingaway from thechargeson theconductors.
A measureof theamountof energy thatcanbestoredby suchacapacitoris thecapacitance,definedby� � "� (1.22)

where
"

is thechargeononeof theplatesand
�

is thevoltagebetweentheplates.TheunitsareFarads,or Coloumbs
perVolt.

Assuminga charge
"

storedby a capacitor, theelectricflux density ! canbecomputedusingGauss’s law. The
constitutive relation ! �Q½ ¯ � thengives � , from which

�
canbefoundby integrating � alonga pathfrom oneof

theconductorsto theother. In principle,thecapacitanceof any pairof conductorscanbefoundusingthismethod.

Example 1.7. Parallel Plate Capacitor

Consider two parallel plates of area

+
, separated by a distance � . If one of the plates has charge"

and the other C "
, we need only find the voltage between them to find the capacitance. From

the previous section, the electric flux between the plates is! � " + ��
&� �
where the plates are perpendicular to the � -axis. Using the constitutive relation ! �Ã½ ¯ � , we
find � � " ) 16½

+n3
� � . The voltage between the plates is� � ��Ä? "½ + � �� � "½ +

By Eq. (1.22), the capacitance of the plates is� � ½ +� � (1.23)
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1.8 Exercises

1.1. Draw the1-forms(a) � � , (b) ��
/.�� � and(c) 
&��
 .

1.2. (a)Find thevectorscorrespondingto the1-formsin Ex. 1.8. (b) Draw thevectors.

1.3. Draw the2-forms(a) � �Ep � � , (b) � � �2p � � and(c) � �-p � � .Å� �&p ��
 .

1.4. (a)Find thevectorscorrespondingto the2-formsin Ex. 1.8. (b) Draw thevectors.

1.5. Let
W/�ª� ��
y.�� � ,

Y«� A*� � and
P�� D ��
 p � � . (a)Find

W p Y
and

W p P
. (b) FindthevectorsÆ , Ç , È corresponding

to
W
,
Y

and
P
. (c) ComputeÆ � Ç and Æ � È . (d) Convert Æ � Ç into a2-form.

1.6. Find theexterior productof (a) D ��
 p � ��C 
 � � ��p ��
 and � � �Gp � � .¾A*
&� �-p ��
 and(b) ��
�. � � � and
 � ��
 p � �2p � � .

1.7. Integratethe1-form 
&��
�.�� � over thecurve � � u<w|x 
 from 
 � �
to 
 � t .

1.8. Draw picturesfor ¯ ��
 and ��
 . (a) What is thedirectionof the tubesof ¯ ��
 ? (b) How doesthis relateto the
surfacesof ��
 ?

1.9. (a) Find thevectorscorrespondingto ��
�.É� � and 
&� � � � .É� � ��
 . (b) Apply thestaroperatorto theseforms.
(c) Find thevectorscorrespondingto youranswersto partb.

1.10. Apply thestaroperatorto (a)
: ��
G.>
 ' � � , (b) D ��
�� � . : � � ��
 , (c) ~ � � � �ECÊ� � � ��
 .

1.11. Find thevectorscorrespondingto (a) � R . R � o .�� � , (b) � o , (c) R � � .
,
· � o .

1.12. Find thevectorscorrespondingto (a) R � o � � .�� � � R . R � R � o , (b)
: � o � � , (c) ��R � � � R . V ,· � o � � .

1.13. Find the1-formscorrespondingto (a) ËR . Ëo . Ë� , (b) R Ëo , (c) RºËR .
,
· Ëo .

1.14. Find the2-formscorrespondingto thevectorsin Ex. 1.8.

1.15. Find thevectorscorrespondingto (a) � r . r � s . r#ufwax«s � o , (b) � o , (c) r � r .
,Ì � o .

1.16. Find thevectorscorrespondingto (a) r � o � r .Å� s � r . r � r � o , (b)
: � o � s , (c) ��r � s � r . V ,Ì � o � s .

1.17. Find the1-formscorrespondingto (a) Ër . Ëo . Ës , (b) r Ëo , (c) rÍËr .
,Ì Ës .

1.18. Find the2-formscorrespondingto thevectorsin Ex. 1.8.

1.19. (a)Apply thestaroperatorto theformsin Ex. 1.8. (b) Apply thestaroperatorto theformsin Ex. 1.8. (c) Apply
thestaroperatorto theformsin Ex. 1.8. (d) Apply thestaroperatorto theformsin Ex. 1.8.

1.20. Apply thestaroperatorto theformsin Ex. 1.8. Compareto theformsin Ex. 1.8.Repeatfor Ex. 1.8and1.8.

1.21. Find theelectricfield intensity � dueto two point chargesa distance� m apart.(Hint: doa changeof variables
to transformtheelectricfield 1-formfor oneof thechargesto thecoordinatesystemwith origin at theothercharge.)
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1.22
Î

. Find theelectricflux density! insideandoutsideaconductingsphereof radius3 m with surfacechargedensityA C/m' .
1.23. Find thecapacitanceof two concentricconductingcylinders,with radii

W
and

Y
m suchthat

W ± Y
andlengthsÏ

m.



Chapter 2

MAGNETOSTATICS

2.1 Introduction

The previouschapterwasdesignedto familiarizethe readerwith the importantpropertiesof eletric fields. Electric
fieldswereintroducedusinga flat paneldisplayexample.Similarly, this chapterintroducestheimportantproperties
of magneticfieldsusinga currenttechnology, the“write head”on a computermemorydisk. In somewaysmagnetic
fieldsaremoreintuitive thanelectricfieldsbecausesincechildhoodmostof ushave experimentedwith magnets.We
have a naturalfeel for theattractionof oppositepolesof a magnet.Most have seenthereactionof iron shavings to
themagneticfield surroundinga magnet.Despitethis familiarity, many of thepropertiesof magneticfieldsarestill
a bit mysterious.This chapterremovestheshroudof mysteryby describingmagneticfieldsin bothmathmaticaland
physicallanguage.As in thepreviouschapter, this chapterusesdifferentialformsasa vehicleto connectthealgebra
andgeometryof magneticfields.

Figure 2.1: Magneticdiskdrive.

Let usbegin ourdescriptionfieldsby consideringthemagneticdisk driveshown in Fig. 2.1. It is typicalof drives
usedfor storagein mostcurrentcomputermemoryapplications.Magneticstoragetechnologyis theindustrystandard
becauseof its high densityandlow costwhencomparedto solid statestoragealternatives. This device consistsof a
rotatingdisk coatedwith a magneticmaterial. Bits of informationareencodedin small areas( ± �

squaremicron)
of themagneticmaterialby changingits magneticalignment.Themagneticalignmentis detectedby the“readhead”
andthealignmentcanbechangedwith the“write head.” Althoughtheprecisedetailsof how thereadandwrite heads
interactwith thedisk to eitherretrieveor storedatawithin themagneticmaterialsis beyondthescopeof thischapter,
a generaldescriptionof theprocessis presentedin whatfollows.

Figure2.2 shows a two-dimensionalview of a write headabove a rotating disk. The write headis shown as
consistingof two opposingmagneticpoles‘flying’ atasmalldistanceabovethemagneticmaterialcoatedon thedisk.
As theheadflies over a sectionof thedisk, themagneticmaterial(which canbethoughtof asmicroscopicmagnets

25
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NS
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Figure 2.2: Disk drivewrite head.

embeddedin a viscousmaterial)orient themselvesastheir polesareattractedto thepolesof themagnetasshown in
thefigure.Thedirectionof orientationof themagneticmaterialdependsonthedirectionof themagnet.If thepolarity
of themagnetis changed,thealignmentof themagneticmaterialfollows. For computerapplications,onemagnetic
orientationis interpretedasa “one” bit andtheotherasa “zero” by thereadhead.

N

S

Figure 2.3: Gapbetweennorthandsouthpolesof a magnet.

Although the force of attractionof the magnetextendsbeyond the ‘gap’ region betweenthe two polesof the
magnet,for simplicity let us restrictourselvesto thebehavior in thegapbetweenthe two polesof a magnetfor the
time being. Figure2.3 depictsthegapbetweentwo oppositepolesof a magnet.We notethesimilarity betweenthis
structureandthe parallelplatecapacitor. In thecaseof the capacitorwe definedthe electricfield andflux between
theplatesof thecapacitorin termsof thevoltagedifferencebetweentheplatesandthechargeon theplates. In the
magneticcaselet us begin by describingthe flux betweenthe two oppositepolesof the magnet.As in the caseof
the parallelplatecapacitorwe canthink of flux asa connectionin spacebetweentwo equalandoppositecharges.
In the magneticproblemthe chargesarereplacedby magneticpoles. The unit associatedwith the magneticpoles
is theWeber, a unit of magneticcharge. (To datean isolatedmagneticcharge,or magneticmonopole,hasnot been
discovered.For everynorthpoleonefindsanequalandoppositesouthpole,thetwo beinginseparable.)As in thecase
of electricflux wecanthink of tubesof magneticflux connectingthenorthandsouthpolesof themagnetasshown in
thefigure. To find theamountof flux betweenthepolesoneonly needsto countthenumberof tubes.In generalthis
maybecomputedusingthefollowing integral: Ð ����� 02Ñ ��
n� �
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where¿ 02Ñ ��
n� � is the2-formrepresentingtheflux tubes.The2-formcoefficient, 02Ñ , representstheamountof flux per
unit areaandis calledthemagneticflux density. A highmagneticflux densitymeansastrongmagneticattractionexists
betweenthetwo polesof themagnet,andtheflux tubesaresmallerandmoredenselypacked.A largeelectromagnet
generatesa magneticflux densityof severalWebers/m' or equivalently, severalTeslas.

N

S

Figure 2.4: Relationshipbetweenmagneticflux tubesandperpendicularfield intensitysurfaces(dashed).

The readerwill recall the relationshipbetweenelectricfield andelectricflux. Thereis a similar relationshipin
magnetism.Recallthat theelectricfield is representedasplanesthatareperpendicularto the tubesof electricflux,
similarly themagneticfield mayberepresentedasplanesprependicularto themagneticflux density. Figure2.4shows
therelationshipbetweenthemagneticfield andmagneticflux betweenthepolesof a magnet.Themagneticflux is a
2-formandthemagneticfield is a1-form. Themagneticfield andflux arerelatedby theconstitutiverelation:0 �¾Ò ¯nÓ
Here

Ò
is thepermeabilityof themedium,andis

Ò ? ��: t �Ê�j�OÁ�Ô
Henrysin freespace.It is a measureof thedegree

to whichamaterialrespondsto amagneticfield. Performingahodgestaroperationonbothsidesof theequationgivesÓ � ¯�0 ) Ò
Geometricallythis is interpretedas the 2-form 0 ��
&� � tubesyielding perpendicular1-form magneticfield planes,Ó � � . Theunitsof themagneticfield areA/m.

Themagneticfield andflux canbecombinedto find themagneticenergy storedbetweenthepolesof themagnet.
Theexteriorproductof thetwo quantitiesis UyÕ � �A ÓÅp�0 �
This3-formrepresentsboxesof energy. Integratingtheboxesovera regiongives

� Õ ����Ö U«Õ
which computesthe magneticenergy storedin a region of space. A greaterdensityof boxesmeansthat thereis
a greateramountof energy storedin spaceper unit volume. The capacityto storeenergy in the magneticfield is
measuredin termsof theinductanceof themedium.We write this for theexampledescribedaboveas×�� 0 ) Ó Webers/Ampere

wheretheunitsaredefinedasHenrys.
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2.2
Ø

Gauss’s Law for the Magnetic Field

2.2.1 Magnetic Flux Density

As we saw in theintroduction,themagneticflux densityis similar to theelectricflux density, andis representedby a
2-form, 0 � 0 ,

� � � � . 0 ' � � ��
/. 0 � ��
n� � � (2.1)

Thecoefficientsof 0 haveunitsWb/m' , and 0 hasunitsof
$�Y

, whichis theunit of magneticcharge.Thetubesof 0
representflux extendingfrom northmagneticpolesto southmagneticpoles.Magneticflux tubescanalsoform closed
loopsarounda current.

2.2.2 Gauss’s Law

y

x

Figure 2.5: Tubesof magneticflux musteitherextendto infinity or form closedloops.

Gauss’s law for magneticflux densityis ¢ £ 0 �¾�
(2.2)

where
¥

is a closedGaussiansurface.Theright handsideof thisequationis zero,sinceno isolatedmagneticcharges
have ever beenobserved. Magneticfieldscanonly becreatedby moving chargesor changingelectricfields,andso
magneticsourcescanonly exist in theform of pairsconsistingof northandsouthpoles.This law statesthattubesof
the2-form 0 cannever end—they musteitherform closedloopsor go off to infinity. If the tubesof magneticflux
wereto end,thenif theGaussiansurface

¥
containedtheendpoint, a tubewould passinto theclosedsurfacewhich

wouldnotcomebackout,andtheintegral in Eq.(2.2)wouldbenonzero.

2.3 Magnetic Field Intensity

Justastheelectricfield canbedescribedby bothflux densityandfield intensity, wealsodefineafield intensity1-formÓ � Ó ,
��
/. Ó ' � � . Ó � � � (2.3)

for themagneticfield. Theunitsof thecoefficientsareA/m, and Ó hasunitsof Amperes.In a region containingno
currentsor time–varyingfields,thesurfacesof themagneticfield intensity1-form Ó canbeviewedasequipotentials
for themagneticpotential.

2.4 Ampere’s Law

Ampere’s law for staticfieldsis ¢ � Ó �ª�OÙ�Ú
(2.4)
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where¿ +
is a two–dimensionalregion,and � is theboundaryof thatregion. � is alwaysaclosedloopandis known as

theAmperian contour. It is similar to theGaussiansurfaceof Chap.3. The2-form
Ú

representsthedensityof current
flow, andhasunitsof

+
, sothatonetubeof

Ú
representsoneAmpereof current.For awire carryingcurrent,thetubes

of
Ú

areparallelto andinsideof theconductor. Ampere’s law statesthatthenumberof surfacesof Ó piercedby the
Amperiancontouris equalto thenumberof tubesof

Ú
passingthroughtheloop. Graphically, thismeansthatsurfaces

of Ó extendaway from tubesof
Ú

, asshown in Fig. 2.6.We saythatthetubesof
Ú

aresourcesfor thesurfacesof Ó .

J

H

Figure 2.6: A graphicalrepresentationof Ampere’s law for no time-varyingelectricflux: tubesof
Ú

producesurfaces
of Ó .

The 1-form shown in Fig. 2.6 hasthe propertythat integralsaroundclosedpathscanbe nonzero. In this case,
the integral is nonzeroif tubesof thecurrentdensity

Ú
passthroughtheAmperiancontour. This is anexampleof a

nonconservativefield. Thesurfacesof a nonconservative1-formdonot representregionsof a fixed,uniquepotential,
but they do representchangein potential,sinceeachtime a magneticcharge movesacrossa surface,its potential
changesby a unit value.

Figure 2.7: Justasthewalkersmove continuallyupwardor downwardasthey travel aroundtheclosedstaircase,a
magneticchargemoving aroundacurrent-carryingwire experiencesacontinualchangefrom highto low potentialand
gainsenergy, or in theoppositedirectionthepotentialchangesfrom low to highandwork mustbedoneonthecharge.

Wewill now employ this law find themagneticfield intensityfor severalchoicesfor thecurrentdensity2-form
Ú

.
We find themagneticfield for acurrentconfinedto a straightwire, asheetcurrent,andasolenoid.

2.4.1 Line Current

If acurrentÛ¹¬ A is flowing alongthe � -axis,sheetsof the Ó 1-formwill extendout radiallyfrom thecurrent,asshown
in Fig. 2.8.Thesearetheplanesof � o in thecylindrical coordinatesystem.We know that Ó isÓ � Ó ? � o (2.5)
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Figure 2.8: Magneticfield intensity Ó dueto a line current.

whereÓ ? is aconstantweneedto find usingAmpere’s law.
We choosetheAmperiancontour� to bea circlearoundthe � -axis.Sinceweassumethat ! � �

, theright–hand
sideof Ampere’s law becomes � Ù Ú²� Û¹¬
sinceÛ¹¬ A of currentflowsthroughthedisk

+
thatlies insidethecircle � . Theleft-handsideis theintegralof Ó over

thecircle, ��� Ó � � '9�? Ó ? � o� A*t Ó ? �
Solvingfor Ó ? showsthat Ó ? ��ÜÞÝ'9� , sothat Ó � Û ¬A t � o (2.6)

is themagneticfield intensitydueto theline current.

2.4.2 Sheet Current

For a sheetcurrentof
Ú ® A/m flowing in the . � directionon the 
 ���

plane,thesurfacesof Ó will extendout from
thecurrentparallelto the � ���

plane(Fig. 2.9). Thesearesurfacesof � � . For 
¾± �
, thesurfacesof Ó mustbe

orientedin theoppositedirectionasthey arefor 
°� �
, sowecansaythat

Ó �ß³µ ¶ Ó ? � � 
²� �
C�Ó ? � � 
²± � (2.7)

whereÓ ? is anunknown constant.
In thiscase,wewill take theAmperaancontourto beasquareof side

Y
thatis cut in half by thecurrentsheet.The

totalcurrentpassingthroughthesquareis. � Ù Ú � ��e? Ú ® � �� YjÚ ® �
Theintegralof Ó aroundthesidesof thesquareis��� Ó � � e? Ó ? � �GC � ?e Ó ? � �� A Y Ó ?
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Figure 2.9: Magneticfield intensitydue to a sheetcurrent. Surfacesof Ó extendout away from the sheet. The
surfacesintersectthesheetalonglinesof currentflow.

sincethesidesof thesquareparallelto the 
 axisdo not passthroughany of thesurfacesof Ó . Solvingfor Ó ? and
substitutinginto theexpressionfor Ó abovegives

Ó � ³µ ¶ à ¸' � � 
²� �
C à ¸' � � 
²± � (2.8)

for themagneticfield intensitydueto thecurrentsheet.

2.4.3 Solenoid

Considera solenoidof radius
W

with á turnsof wire permeter. Surfacesof Ó extendout from eachloop of wire in
all radialdirections,but cancelsuchthat Ó hasonly a � � component,asin Fig. 2.10. Ó canbewritten Ó ? � � .

b

(a) (b)

z

Figure 2.10: (a) Two of the turnsof a solenoid. Surfacesof Ó extendout radially from the turns. (b) At a point
betweenthe two loops,by thesymmetryof thesolenoidall componentsof Ó cancelexceptfor the � � component.
Also shown aretwo Amperiancontoursusedto computeÓ usingAmpere’s law.

Integrating Ó ? � � overtheAmperiancontourin Fig. 2.10bthatis outsidethesolenoidgives¢ Ó � � e? Ó ? � �� Y Ó ?
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sinceâ theloopclosesfarawayfrom thesolenoidwherethefield hasfallento zero.Theonly contributionto theintegral
is alongthe vertical sidenearthe solenoid. This loop enclosesno current,so by Ampere’s law,

Y Ó ? �ã�
andthe

magneticfield outsidethesolenoidmustbezero.
Integrating Ó ? � � over the otherAmperiancontourin Fig. 2.10bgives

Y Ó ? , sincethe integral is nonzeroonly
alongtheverticalsideof theloopthatis insidethesolenoid.Theloopenclosesacurrentof

Y áäÛ A. By Ampere’s law,Ó ? � áäÛ andthemagneticfield insidethesolenoidis áäÛ � � .

2.5 Magnetic Field Energy

Justas the electricfield betweenthe platesof a capacitorstoresenergy, a magneticfield storesenergy aswell. If
oneconnectstheleadsof a coil with a few hundredturnsof wire to a smallbattery, whentheleadsaredisconnected
quickly theenergycontainedin themagneticfield aroundthewire is dissipatedby asparkasthefield collapses.In this
section,we give a mathematicaldefinitionfor energy storedby themagneticfield, andusethis to defineinductance,
whichmeasurestheamountof energy storedby aconductorof a givenshapefor a unit amountof currentflow.

Theenergy storedby themagneticfield is U Õ � �A ÓÅp�0 � (2.9)

Usingtheconstitutiverelationfor themagneticfield, thiscanberewrittenasUyÕ � �A Ò Ó�p�¯�Ó � (2.10)

Thequantity U Õ is a 3-formrepresentingthedensityof energy stored,andhasunitsJ/m= .
2.5.1 Inductance

As with a capacitor, a current–carryingwire allows energy to be storedin the magneticfield aroundthe wire. A
measureof theamountof energy storedis theinductancein Henryspermeter,×�� á°åÛ (2.11)

whereå is theflux linkedby aclosedloop, á is thenumberof turnsof conductoraroundtheloopand Û is thecurrent
flowing in theconductor. å is givenby theintegral å �ª��Ù 0 (2.12)

where

+
is adiskboundedby theclosedloopand 0 is themagneticflux densityproducedby thecurrentflow.

Example 2.1. Inductance of a solenoid.

As we found earlier in this chapter, inside a solenoid of radius
W

centered on the � –axis the
magnetic field intensity is Ó � á°Û ��
 . Integrating 0 over a slice of the solenoid gives å �Ò á°Û t W ' , so that the inductance of the solenoid per unit length is×>� t W ' Ò á ' �
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2.6
Ø

Exercises

2.1. Find theinductanceof pair of parallelwiresof length2 m, separatedby a distance1 cm. At oneend,thewires
areconnected.At theother, a currentsourcedrivesthesystem.Neglecteffectsto fringing of fieldsat theendsof the
wires.
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Chapter 3

TIME VARYING FIELDS

3.1 Introduction

In previouschapters,we have seenthatelectricfieldsareproducedby staticelectricchargeandmagneticfieldsare
producedby moving charges,or currents. In this chapter, we will seethat an electricfield which changesin time
producesa magneticfield. Similarly, a magneticfield whichchangesin timeproducesanelectricfield.

Historically, theexperimentalfact that time–varyingmagneticfieldsproduceanelectricfield wasobservedfirst,
by FaradayandHenryin the1830s,andis writtenmathematicallyasFaraday’s law:¢ � � � C�ææ } ��Ù 0 (3.1)

where � is a closedcontourand

+
is a surfaceboundedby thecontour. This law shows thatsurfacesof theelectric

field intensity1-form � areproducedby tubesof time–varyingmagneticflux density.

Maxwell hypothesizedthata similar relationshipbetweentime–varyingelectricfieldsandmagneticfield existed.
Oneway to understandthis is to considera capacitordrivenby a sinusoidalvoltagesource.We canapplyAmpere’s
law to thiscircuit, andplacetheAmperiancontoursothatit passesaroundoneof theleadsto thecapacitor, asshown
in Fig. 3.1.

+

-
V(t)

I(t)

Figure 3.1: A sinusoidalvoltagesourcedrivesa capacitor. An Amperiancontouris shown passingaroundoneof the
connectingwires.

Fromthediscussionof Ampere’s law in Chap.3, wehavethat¢ � Ó � � Ù Ú
(3.2)

where � is thecontourpassingaroundoneof theconnectingwires. If we choose

+
to bea flat disk in theplaneof

35
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the
ç

contour, thenthe right handsideis equalto Û , the total currentpassingthroughthe wire. The left–handsideis
thereforeequalto Û aswell.

+

-
V(t)

I(t)

Figure 3.2: Ampere’slaw appliedto thesamecontourasin Fig.3.1but with thesurfacepassingbetweenthecapacitor
plates. No electriccurrentflows throughthe surface,so the electricfield betweenthe platesmustcontribute to the
right–handsideof Ampere’s law. This is displacement current.

RecallthatAmpere’s law holdsfor any surface

+
, aslongasit is boundedby theAmperiancontour. If wefix the

contourandstretchthesurface

+
, theleft–handsidedoesnotchange.Supposethatwechoose

+
to beasurfacewhich

passesbetweentheplatesof thecapacitor, asin Fig. 3.2.Clearly, nocurrentpassesthroughthissurface,sinceit is not
intersectedby thewire. Betweentheplatesof thecapacitoris aninsulatingmaterial,sono currentflows betweenthe
plates.We arriveata contradiction:theleft–handsideof (3.2)becomeszero,but theright–handsideis equalto Û .

Maxwell postulatedanadditionaltermto beaddedto Eq. (3.2)which resolvesthis contradiction.Becauseof the
charge storedin the capacitor, thereis an electricfield betweenthe plates. This changingelectricfield leadsto an
effectivecurrentwhichappearsin Ampere’s law:¢ � Ó � ææ } ��Ù ! . ��Ù�Ú � (3.3)

Thisnew termis known asthedisplacement current.

Equations(3.1) and(3.3) arevalid for time–varyingfields,asareGauss’s laws for theelectricandmagneticflux
densitydiscussedin the precedingchapters.We now have the full setof laws which describethe behavior of the
electromagneticfield. In this chapter, we will examinein moredetail Maxwell’s laws for time–varyingfields,asa
preparationfor treatingin laterchaptersthemostimportantapplicationof theselaws: electromagneticwaves.

3.2 Maxwell’s Laws in Integral Form

In thissection,wesummarizethecompletesetof Maxwell’s laws in integral form. Table3.1givesall of thefield and
sourcequantities,thedegreesof thedifferentialformsusedto representthem,andtheirunits.Maxwell’s lawsare¢ � � � C �� } � Ù 0¢ � Ó � �� } �OÙ ! . ��Ù�Ú
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(3.4)

where � is any closedcontour,

+
is any surfaceboundedby the contour � ,

¥
is any closedsurface,and

�
is the

volumeboundedby thatsurface.Thefirst pair areFaraday’sandAmpere’s law, respectively, andthesecondpair are
Gauss’s laws for themagneticandelectricflux densities.

Quantity Form Type Units Vector/Scalar

ElectricField Intensity � 1-form V
�

MagneticField Intensity Ó 1-form A è
ElectricFlux Density ! 2-form C é
MagneticFlux Density 0 2-form Wb ê
ElectricCurrentDensity

Ú
2-form A ë

ElectricChargeDensity R 3-form C
�

Table3.1: Thedifferentialformsof electromagnetics,theirdegree,andthecorrespondingvectorquantities.

In previouschapters,wehavediscussedGauss’slaw for theelectricandmagneticfields,andAmpere’slaw without
thedisplacementcurrentterm. In theremainderof thissection,wewill examineFaraday’s law in detail.

3.2.1 Faraday’s Law

Faraday’s law statesthatany closedcontourwhich passesaroundtubesof time–varyingmagneticflux densitymust
piercesurfacesof theelectricfield intensity1-form � . Thegraphicalrepresentationof this law is identicalto thatof
Ampere’s law in thepreviouschapter:just astubesof currentflow aresourcesfor magneticfield surfaces,tubesof
time–varyingflux aresourcesfor electricfield surfaces.

Faraday’s law is thebasisfor theelectricgenerator. If amagnetanda loopof wire arerotatedwith respectto each
other, thenthemagneticflux throughthecoil of wire changesin time. By Faraday’s law, the integral of theelectric
field intensityaroundthe loop of wire is nonzero,andthis potentialcausescurrentto flow. Theelectrictransformer
alsousesthesameprinciple: a primarycoil producesa changingmagneticfield, andtheresultingtubesof flux pass
througha secondarycoil, anda voltagearoundthe secondaryis induced. Below areillustrationsof a very simple
transformerandanelectricgenerator.

Example 3.1. Loop near time–varying current

A square loop of wire lies near a sinusoidal current Û 1 } 3 � ufwax 1ì�j��� } 3 V flowing along the � axis
(Fig. 3.3). From Ampere’s law, the magnetic field produced by the current is 0 ��Ò Û ) 1 A t R

3
� � � R .

By Faraday’s law, the voltage around the loop is¢ � � C � e` � g? ���t R �4� u 1ì����� } 3 � � � R� ����Pt �4� u 1ì�j��� } 3]í x YW V

Note that the induced voltage is independent of the value of the resistance in the loop.

Example 3.2. Simple electric generator
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I(t)

+

-
V

ba

c

Figure 3.3: Faraday’s law shows thata voltageis inducedarounda squareconductingloop throughwhich passesthe
magneticfield producedby a time–varyingcurrent.

In this example, we consider a very simple type of electric generator. A cylindrical conducting
bar lies free to move on two conducting rails, as shown in Fig. 3.4. A constant magnetic field0 ? ��
&� � passes between the rails. If the bar is moved at a constant velocity T , the voltage
induced around the loop formed by the rails and bar is¢ � � C�ææ } ��îZï? �­`? 0 ? ��
&� �� C�ææ } T]} W 0 ?� CyT W 0 ? V �
Work required to move the bar is converted into electrical energy.

+

-
V av

Figure 3.4: Simpleelectricgenerator. A conductingrodrolls ontwo rails,sothatthemagneticflux throughthecircuit
changesandavoltageis inducedacrosstheresistor.

3.3 Exterior Derivative

In thissection,wedefinetheexteriorderivativeoperator, whichwill allow usto expressMaxwell’s lawsasdifferential
equations.This operatorhasthe symbol � , andactson a ð -form to producea new form with degree ð . �

. This1 ð . � 3
-form characterizesthespatialvariationof the ð -form.

Theexteriorderivativeoperatorcanbewrittenas

� �òñGóó � ��
/. óójô � � . óó Ñ � ��õ-p (3.5)
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The
ö � operatoris similar to a 1-form, except that the coefficientsare partial derivative operatorsinsteadof func-
tions. Whenthis operatoris appliedto a differentialform, thederivativesacton thecoefficientsof theform, andthe
differentialscombinewith thoseof theform accordingto thepropertiesof theexteriorproduct.

Computingexterior derivatives is straightforward. One takes the partial derivative of a differential form by 
and addsthe differential ��
 from the left, repeatsfor 
 and � , and addsthe threeresults. This processis very
similar to implicit differentiation,exceptthatonemustcombinenew differentialswith existingdifferentialsusingthe
exteriorproduct.Whentakingtheexteriorderivativeof a1-formor 2-form,sometermsmaydropoutdueto repeated
differentials.

Example 3.3. Exterior derivative of a 0-form.

The exterior derivative of D 
 ' � is

� D 
 ' � � 1 ææ 
 ��
/. ææ � � � . ææ � � �
3 p�D 
 ' �� ææ 
 D 
 ' � ��
�. ææ � D 
 ' � � � . ææ � D 
 ' � � �� �*
 � ��
/. � . D 
 ' � �� �*
 � ��
/. D 
 ' � �

The gradient of D 
 ' � is �*
 ��Ë
�. D 
 ' Ë� , so the exterior derivative of a 0-form is analogous to the
vector gradient operator.

Example 3.4. Exterior derivative of a 1-form.

The derivative of the 1-form ~ ��
 is

� ~ ��
 � 1 ææ 
 ��
/. ææ � � � . ææ � � �
3 p÷~ ��
� ææ 
 ~ ��
 p ��
/. ææ � ~ � �-p ��
/. ææ � ~ � �&p ��
� æ ~æ � � �&p ��
 C�æ ~æ � ��
 p � � �

The vector curl operator applied to ~yË
 yields
ó[øó Ñ Ë�5C ó[øójô Ë� , which is the dual vector of the 2-form

found above.

Example 3.5. Exterior derivative of a 2-form.

The derivative of the 2-form D 
&� �-p � �EC 
 � � �&p ��
 is

� 1 D 
&� �2p � �EC 
 � � �&p ��

3 � 1 ææ 
 ��
/. ææ � � � . ææ � � �

3 p 1 D 
&� �-p � �EC 
 � � �np ��

3

� ææ 
 D 
&��
 p � �2p � ��C ææ � 
 � � �-p � �&p ��
� 1 D-C 

3
��
 p � �2p � � �

The vector divergence of D 
 Ë
 C 
 ��Ë� is D-C 
 , which is the coefficient of the 3-form found above.
The exterior derivative of any 3-form would be a 4-form, which must be zero due to repeated
differentials.

An importantidentity is �]� � �
(3.6)
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meaningù that the exterior derivative appliedtwice alwaysyields zero. This relationshipis equivalentto the vector
identities ú ��1 ú/~ 3 �Q�

and ú � 1 ú � l 3 �Q�
. Theexterior derivativealsosatisfiesa productrule analogousto the

productrule for thepartialderivative, � 1 ��p�û 3 � � ��p�û . 1 C � 3^ü ��p � û (3.7)

whereð is thedegreeof � .

3.3.1 Exterior Derivative in Curvilinear Coordinates

Regardlessof theparticularcoordinatesystem,the form of theexterior derivative operatorremainsthesame.If the
coordinatesare

1 S 7 T 7 U 3
, theexteriorderivativeoperatoris

� �þý ææ S � S . ææ T � T . ææ U � U&ÿäp (3.8)

In cylindrical coordinates, � � ý ææ R � R . ææ o � o . ææ � � � ÿ p (3.9)

which is thesameasfor rectangularcoordinatesbut with thecoordinatesR 7 o 7 � in theplaceof 
 7 � 7 � . Notethat the
factor R associatedwith � o mustbepresentwhenconvertingto vectorsor applyingthestaroperator, but is not found
in theexteriorderivativeoperator.

Theexteriorderivativein sphericalcoordinatesis

� � ý ææ r � r . ææ s � s . ææ o � o ÿ p � (3.10)

Fromtheseexpressions,we seethatcomputingexterior derivativesin a curvilinearcoordinatesystemis no different
from computingin rectangularcoordinates.

3.4 Stokes’ Theorem

Themostimportantpropertyof theexterior derivative is thegeneralizedStokes’ theorem.If � is a differentialform,
then ©�� � � � ¨ eiÄ � � � (3.11)�

is someregion of space,and
Y � �

is its boundary. Thedimensionof
Y � �

hasto matchthedegreeof � . This
formulamayseemobscurebecauseit is in abstractlanguage,but the ideabehindit is quitesimple,especiallywhen
interpretedgraphically.

If � is a 0-form, thenStokes’ theoremstatesthat
© e` � ~ � ~ 1^Y 3 C ~ 1@W 3 . This is the fundamentaltheoremof

calculus.
If � is a 1-form, then

Y � �
hasto bea closedpath.

�
is a surfacethathasthepathasits boundary. Graphically,

Stokes’ theoremsaysthatthenumberof surfacesof � piercedby thepathis equalto thenumberof tubesof the2-form� � thatpassthroughthepath(Fig. 3.5).
If � is a 2-form, then

Y � �
is a closedsurfaceand

�
is thevolumeinsideit. Stokes’ theoremrequiresthat the

numberof tubesof � thatcrossthesurfaceis equalto thenumberof boxesof � � insidethesurface,asshown in Fig.
3.6.

3.5 Maxwell’s Laws in Point Form

For problemsotherthanthosethatareverysymmetric,suchaspointandline sources,Maxwell’s lawsin integral form
aredifficult to useanalytically. A differentialformulationis moreappropriatein many cases,especiallyfor thestudy
of waves,whichwewill takeup in thenext chapter. In thissection,weemploy Stokes’ theoremto convertMaxwell’s
laws from integral form to point form.
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(b)(a)

Figure 3.5: Stokestheoremfor � a 1-form. (a) Theloop
Y � � piercesthreeof thesurfacesof � . (b) Threetubesof� � passthrougha surfaces

�
boundedby theloop

Y � � .

(b)(a)

Figure 3.6: Stokestheoremfor � a2-form. (a)Four tubesof � passthroughtheclosed,rectangularsurface
Y � � . (b)

Fourboxesof the3-form � � lie insidethesurface.

3.5.1 Faraday’s and Ampere’s Laws

Faraday’s law in integral form is ¢ � � ��� Ù C ææ } 0 (3.12)

We wish to apply Stokes’ theoremto the left handsideof Faraday’s law. Stokes’ theoremfor the caseof a 1-form
relatestheintegralof the1-formoveraclosedpathto theintegralof theexteriorderivativeof the1-formoverasurface
boundedby thepath.Thiswill leadto integralsover

+
on bothsidesof theequation,andsince

+
is arbitrarywewill

thenbeableto removetheintegralsandarriveat thedesireddifferentialequation.
By usingStokes’ theorem(3.11)with

�
asthesurface

+
and � astheelectricfield intensity � , wehave that¢ � � �ª�OÙ �]� (3.13)

Substitutingthis relationshipinto Faraday’s law gives� Ù �]� � � Ù C¾ææ } 0 (3.14)

In general,eventhoughtwo integralsareequal,theintegrandsmaybedifferent. In this case,however, thesurface

+
is arbitrary, sotheintegrandsof Eq.(3.14)mustbeequal.Onewayto seethis is to shrinkthesurface

+
until it is very

small. The integralsarethenapproximatelyequalto their argumentsevaluatedat a point inside

+
multipledby the

areaof

+
. Theareasdivideout in thelimit, andtheintegrandsareequal.We thusarriveat

�]� � C óó ï 0 (3.15)
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This
ö

is Faraday’s law in point form. Graphically, this law statesthat surfacesof � can only end along tubesof
time-varyingmagneticflux.

Usingasimilarargument,Ampere’s law becomes

� Ó � óó ï ! . Ú � (3.16)

Graphically, Ampere’s law showsthatsurfacesof Ó canonly endalongtubesof time-varyingelectricflux or tubesof
electriccurrent.

Example 3.6. Faraday’s law in point form

We wish to find the magnetic field intensity if the electric field is � � ufwax 
 ��� u��	} � � . By Faraday’s
law, ææ } 0 � C � 1 u<wax 
 �4� u��	} ��


3
� C ��� u 
 ��� u��	} ��
n� � �

Integrating this result in } and using the constitutive relation Ó � ¯�0 ) Ò shows that the magnetic
field intensity is equal to C ��� u 
 u<wax��	} ) 1 � Ò

3
� � , where we ignore the possibility of another term

which is constant in time.

Example 3.7. Ampere’s law in point form

Determine the value of � for the field in the previous example. Using Ampere’s law and ! � ½ ¯ � ,
we have that C � 1@�4� u 
 u<w|x��	} ) 1 � Ò

3
� �

3 � ææ } ½ ¯ 1 u<w|x 
 ��� u��	} � �
3

(3.17)

which leads to the relationship � ���G� ) 	 ½9Ò
.

3.5.2 Gauss’s Laws

Gauss’s law for theelectricflux densityis ¢O£ ! ���8¤ R (3.18)

UsingStokes’ theoremwith
�

asthevolume
�

,
Y � �

asthesurface
¥

, and � asthe2-form ! shows that¢O£ ! � �X¤ � ! � (3.19)

Combiningthis relationshipwith Eq.(3.18)leadsto� ¤ � ! � � ¤ R � (3.20)

Since
�

is arbitrary, theintegrandsmustbeequal,sothatwehavetherelationship

� ! � R � (3.21)

Thisis Gauss’s law for theelectricfield. Graphically, it statesthattubesof electricflux densitycanendonly onelectric
charges.
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Similarly, Gauss’s law for themagneticfield is

� 0 ��� � (3.22)

Graphically, this law shows thattubesof magneticflux densitynever end.They mustform closedloopsor extendto
infinity.

Example 3.8. Gauss’s law in point form

Could the magnetic field intensity be equal to the 1-form ufwax«� � � ? Since� ¯ºu<waxy� � � � � u<w|xy� � � ��
� �4� u8� ��
&� � � �
is nonzero, the corresponding flux density would not satisfy Gauss’s law, so Ó cannot be equal
to u<w|xy� � � .

In thissection,wehavederivedMaxwell’s laws in point form:

��� � C ææ } 0� Ó � ææ } ! . Ú
� ! � R� 0 � � �

Togetherwith the constitutive relatons! �ò½ ¯ � and 0 ��Ò ¯�Ó , we now have a setof coupledpartial differential
equationswhich describethe electromagneticfield. In later chapters,we will apply standardtechniquesof partial
differentialequationtheory, suchasseparationof variables,to solvetheseequationsandgainfurtherunderstandingof
thebehavior of electromagneticfields.

3.6 Boundary Conditions

If a magneticfield changesabruptlyalongsomeboundarysurface,Maxwell’s laws requirethat an electriccurrent
flow along the boundaryto accountfor the stepin field intensity. Similarly, Maxwell’s laws restrict the possible
discontinuityin theelectricfield at a boundary. In this section,we derive expressionsfor theseboundaryconditions
on � , Ó , ! , and 0 .

3.6.1 Field Intensity

In this section,we derive boundaryconditionsfor theelectricandmagneticfield intensity1-forms � and Ó . As in
Fig. 3.7,we denotethemagneticfield on onesideof a boundaryas Ó ,

, andthefield on theothersideas Ó ' . If we
chooseanAmperiancontourwith onesidejustaboveandtheotherjustbelow theboundary, asshown in Fig. 3.7,the
left handsideof Ampere’s law becomes ¢ � Ó �ª���&1 Ó , C Ó ' 3 (3.23)

in thelimit asthewidth of thecontourgoesto zeroandthesidesof thecontourmeeteachotheralongacommonpath� ontheboundary. Theright handsideis equalto thesurfacecurrentflowing acrossthepath � , sothat���&1 Ó , C Ó ' 3 �ª�O��Ú ® (3.24)
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H1

H2

Figure 3.7: A discontinuityin the magneticfield above andbelow a boundary. Thesurfacecurrentflowing on the
boundarycanbefoundusinganAmperiancontourwith infinitesimalwidth.

where
Ú ® is a 1-formrepresentingthesurfacecurrentdensityon theboundary.

SinceEq. (3.24)holdsfor any path � on theboundary, the integrandsmustbeequalon theboundary. We thus
have that Ú ® ��1 Ó , C�Ó ' 3 
 � (3.25)

wherethe right handside is the restrictionof the magneticfield discontinuityto the boundary. The 1-form
Ú ® is

representedgraphicallyby the lines along which the 1-form Ó , CªÓ ' intersectsthe boundary, as shown in Fig.
3.8. Currentflows alongtheselines. If the surfacesof Ó , C­Ó ' areparallelto the boundary, thenthe surfacesdo
not intersect,andthe restrictionis zero. Thus,Eq. (3.25)representsthe tangentialcomponentof themagneticfield
discontinuity. Thedirectionof currentflow alongtheselines canbe obtainedusingthe right handrule: if the right
handis on theboundaryandthefingerspoint in thedirectionof Ó , C�Ó ' , thenthe thumbpointsin thedirectionof
currentflow.

(a) (b)

Figure 3.8: (a) The1-form Ó , C�Ó ' . (b) The1-form
Ú ® , representedby lineson theboundary. Currentflows along

thelines.

In orderto computetherestrictionmathematically, weemploy anexpressionof theform � � ~ 1 
 7 �
3

to represent
theboundary, andreplaceall occurencesof thevariable� in Ó , C�Ó ' with thefunction ~ 1 
 7 �

3
, sothatÚ ® � � Ó , 1 
 7 � 7 �

3 C Ó ' 1 
 7 � 7 �
3 
�
 Ñ�� ø _ � c ô h� � Ó ,

� 1 
 7 � 7 ~
3 C Ó ' � 1 
 7 � 7 ~

3 
 ��
/. � Ó , ô 1 
 7 � 7 ~
3 C�Ó ' ô 1 
 7 � 7 ~

3 
 � � . � Ó , Ñ 1 
 7 � 7 ~
3 C�Ó ' Ñ 1 
 7 � 7 ~

3 
 � ~� � Ó ,
� C Ó ' �&. æ ~æ 
 1 Ó , ÑnC Ó ' Ñ 3�� ��
/. � Ó , ô C�Ó ' ô . æ ~æ � 1 Ó , Ñ&C�Ó ' Ñ 3�� � �

If partof theboundaryis parallelto the 
 Cn� plane,thentheboundarymustbeexpressedas
 � � 1 � 7 � 3 or � � V 1 
 7 �
3
.

Thefollowing examplesprovide illustrationsof theapplicationof thisboundarycondition.

Example 3.9. Magnetic field intensity boundary condition
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Suppose that the magnetic field is D ��
 above the 
 C�� plane, and A#� � below. The surface
current on the boundary is Ú ® � 1 D ��
 C A	� �

3 
 Ñ�� ?� D ��

The current flows in the � direction along the lines of ��
 in the 
 C�� plane.

Example 3.10. Surface current on a paraboloid

If a magnetic field Ó � � � exists above the paraboloid � � 
 ' . � ' , and the field is zero below,
the magnetic field boundary condition requires that a surface currentÚ ® � � � 
 Ñ�� ����� ô �� � 1 
 ' . � ' 3� A#��
G.­A#� �
flow on the paraboloid.

In a similarmanner, wecanshow thattheelectricfield satisfiestheboundarycondition1 �
, C � ' 3 
 � �¾�

(3.26)

This conditionrequiresthatthetangentialcomponentof theelectricfield aboveandbelow a boundarymustbeequal
at theboundary.

Example 3.11. Electric field boundary condition

Is it possible for the magnetic field to be equal to ��
 for 
�� ��� uO� and C ��
 for 
�± ��� uO� ? We
apply the electric field intensity boundary condition,1 �

, C � ' 3 
 � ������� ô � A*� ��� uO�� C A ufwax � � ��� �
so that the boundary condition is not satisfied, and this field configuration cannot exist.

3.6.2 Flux Density

FromGauss’s law, it canbeshown thattheelectricflux densitysatisfiestheboundarycondition1 ! , C�! ' 3 
 � � RO® (3.27)

where R ® is a 2-form representingthedensityof electricsurfacechargeon theboundary. This 2-form is represented
graphicallyasboxeswhicharetheintersectionof thetubesof ! , C ! ' with theboundary, asin Fig. 3.9. If thetubes
of the magneticflux discontinuityareparallelto the boundary, thenthe tubesdo not intersectandthe restrictionis
zero.Theleft–handsideof Eq.(3.27)is thecomponentof thejump in flux which is normalto theboundary.

Themagneticflux densitysatisfiestheboundarycondition1 0 , C 0 ' 3 
 � � �
(3.28)

sothatthenormalcomponentsof themagneticflux aboveandbelow a boundarymustbeequal.

Example 3.12. Electric Flux Density
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(b)(a)

Figure 3.9: (a)The2-form ! , C ! ' . (b) The2-form RO® , representedby boxeson theboundary.

An electric field of � � ��
 exists for � � 
 ' . � ' , and below the paraboloid the field is zero. The
surface charge on the paraboloid is RO® � � � ��
 
 Ñ�� � � � ô �� � 1 
 ' . � ' 3 p ��
� C A � ��
n� �
For � ± �

, the tubes of electric flux are oriented away from the boundary and the surface charge
is positive, and for � � �

, the tubes point towards the boundary, and the surface charge is
negative.

We collectall of theboundaryconditionsfor reference:1 �
, C � ' 3 
 � � �1 Ó , C Ó ' 3 
 � � Ú ®1 ! , C ! ' 3 
 � � R�®1 0 , C�0 ' 3 
 � � �

Thefirst two involvethetangentialcomponentof thefield intensity, andthesecondpair involvethenormalcomponent
of flux density. Theseconditionsaresimplyconvenientrestatementsof Maxwell’s laws for fieldsataboundary.
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3.7
�

Exercises

3.1. Let
W5� 
/. �O� ,

Y � 
 ' ��
 and
Y«� �O� � �&p ��
 . (a)Find theexteriorderivatives � W , � Y and � P .

3.2. Find theexteriorderivativeof
ô Ñ	 � � ô ��
 p � �-p � � .

3.3. Find theexteriorderivativesof (a) 
 C>� ' , (b) 
&��
/. � � � . � � � and(c) 
&� �Ep � � . � � �&p ��
/. � ��
 p � � .

3.4. Find theexteriorderivativesin sphericalcoordinatesof theforms(a) ~ � s , (b) r ' � r . u<wax&o � s , (c) r �4� u8s � s � o .

3.5. Find theexteriorderivativesin cylindrical coordinatesof theforms(a) ~ � R , (b) R ' � o . u<w|x&o � � , (c) R�� � o � � .��R �4� u8o � R � o .

3.6. DeriveAmpere’s law in integral form from its point form.

3.7. (a) Integrate 
&� � in a counterclockwisedirectionover thepathformedby theedgesof a squarewith cornersat16�;7<� 3
,
1@�87 A

3
,
1 A 79�

3
, and

1 A 7 A
3
. (b) Integratetheexteriorderivativeof 
n� � over theinteriorof thesamesquare.

3.8. Let theelectricfield intensitybe � �! #"%$ ï 1 
&��
/. � � �
3
. Find themagneticflux density0 .

3.9. Derive theboundaryconditionfor theelectricflux densityfrom Gauss’s law for theelectricfield.

3.10. If themagneticfield intensityis
: ��
 for � �ª
 and C ����
 for � ± 
 , find thesurfacecurrenton theboundary� � 
 .

3.11. If the electricflux densityis ��
&� � for � � ufwax 
 and C�D ��
 for � ± u<wax 
 , find the charge densityon the
boundary� � u<wax 
 .


